PHYS851 Quantum Mechanics I, Fall 2009
HOMEWORK ASSIGNMENT 9: SOLUTIONS

1. The Parity Operator: [20 pts| Determine the matrix element (z|II|z') and use it to simplify the
identity I1 = [ dz da’ |x)(x|II|2’) (2’|, then use this identity to compute 112, TI3, and II".

From these results find an expression for S(u) = Offs[}l:[ ;L] in the form f(u) + g(u)IL

What is (z|S(u)|1)? Express your answer in terms of Yepen(z) = 3(1(2) + 9(—2)) and thoga(z) =
3(V(@) = ¥(~x)).
Compute (z[S(0)[¢), lim (z]S(u)|y), and Tim {z].S(w)}).

Answer:
(@2’) = (x| —a') = 6(z + ')
= /d:ndx' 20z + 2') (@] = /d:z:|x><—:1:|
= /da:dm’ |z) (—x|2' ) (—2| = /dmda:’\@é(—x — ) (2| = /dm]@(x\ =1
So II3 = II? - II = II, which generalizes to

1; n =even
n __ )
1 _{H; n = odd

Now we have

e Tu+ 2% 4 I3 4

S — —
(u) coshu coshu
R S T +Hu+§—f+“5—]’+...
coshu cosh u
B cosh u + ITsinh u
N coshu
= T+ IItanhu

([S(u)|y) = (z[¢p) + tanhu{—z|¢))
= ¢(z) + tanh up(—x)
= Yeven(T) + Yoqa(z) + tanh u (Yeven (=) + Yoad(—2))
= (1 + tanhw)thepen(z) + (1 — tanh u)hogq(x)

So that
<(£’S(0)‘¢> = weven(x) + wodd(x) - 1/1(95)
lim (z|S(u)|Y) = 2¢epen(T)

U—00

Jim (]S ) = (@)



2. [15 pts]The coherent state |o) is defined by |a) = e~1o*/2 Yoo \F\n> where the states {|n)} are
the harmonic oscillator energy eigenstates.

First, show that for a = 0, the coherent state |a=0) is exactly equal to the harmonic oscillator
ground-state, [n=0).

Then show that any other coherent state can be created by acting on the ground-state, |0), with the
‘displacement operator’ D(«), i.e. show that |a) = D(a)|0), where

D(q) := eAT—e"4 (1)
eBeCe1B.C12 which is valid only when [B, [B, C]] =

You may need the Zassenhaus formula e5+¢ =
[C,[B,C]] =

What is D(ae)|aq)?
Answer:
Part i) For w = 0, we have

)]

0" 0

-0 n,0

=e E —_n——g —=\n) =|n

=0 n=0 " > n=0 " > ’ >n:0

Part ii) Let B = aA" and C = —a*A. Then [B,C] = —|a|*[Af, A] = |a|?, which commutes with
everything. We can therefore use the Zassenhaus formula, which gives
eaAT—a*A _ e—|a\2/2eaATe—a*A

Now we have

e—a*A|o>:Z( " 40y = Z “30l0) = 10
n=0 n=0

So we end up with

D(a)|0) = —laf?/2 aAT|0 —laf? /22 —laf? /22 \/_ = |)

Part iii) Using the Zassenhaus formula, we have

D(Oél)D(ag) — ealAT—a;‘A+agAT—a§Ae[a1AT—a’{A,azAT—agA]/2

now
[alAT —afA ap AT — a%A] = —oa3[AT, Al — ofas]A, AT = aqa — agad}
and
ealAT—a’l‘A—l—agAT—a;A _ D(Oél + OZ2)
This gives
_ (a’f&27o¢§a1)
D(Oél)D(OéQ) =e 2 D(Oél + 012)

. [15 pts] Consider a system described by the Hamiltonian H = hr(A+ AT). Use your results from the
previous problem to determine [¢(t)) for a system initially in the ground-state, |¢)(0)) = |0).

We know that |¢(t)) = e~ 1/7|2(0)), so that
\¢(t)> _ e(—inAT—inA)t’0>

with «(t) = —ikt, we have —a*(t) = —(ikt) = —ikt, so we have

(1)) = AT 0) = |a(t))



4. [10pts each] Cohen Tannoudji, pp341-350: problems 3.6, 3.7, 3.11

3.6 For these problems, the primary task is to set up the integral which gives the desired probability:

N? /OO dadydz e~ 1#1/a=lwl/b=Izl/e —

/ dxe~1#l/a = 2/ dxe*/% = 2q
—00 0

So that from symmetry we get

N28abe =1
which gives N = 1/v/8abc.
b.
i ad 00 ; 0 p e—lzl/a—yl/b—|z|/c
- /0 “””/_oo y/_oo ST Sabe
_ L[ elala
2a 0
1 /1
= —/ due ™
2 Jo
e—1
= 2
5 (2)
c. Based on the previous result and symmetry, we have
(e —1)?
P = =
d. The requested quantity is
P = |<pac = pry =0,p. = h/6|¢>|2dpxdpydpz
©.0.1/clv) = [ dodydz (0,0.h/clayz)(ayelv)
1 e lwl/2a—|yl/2b—]2]/2¢
= —— [ dedydz e ¥/¢
(27h)3/2 / Y v/ 8abe
1 o0 (o] (o] .
_ o o~ e1/20 / due—v1/2v / ds o~ |21/2e-iz/c
(27h)3/2/8abe /_oo N —c0
\/g /oo o'} 00
= — dwe‘x/za/ d e_y/2b/ dze /% cos(z/c
(27h)3/2\/abe Jo 0 Y 0 (z/¢)
B V8 8abc
(27h)3/2v/abc 5
_ 8V/8abe (3)
~ 5(27h)3/2
So we have 519ah 64ab
abc abc
= ———~dp,dp,dp, = ———=dp,dp,dp,
P = S5iannys e tPydp: = grrys dpedpydp



3.7

T2 oo oo
P / i / dy / dzl(z,y, =)
1 —00 —00

P2 00 00
P dpx/ dy/ A2l (pa, g, )2
P1 —00 —00
where 1(py. . 2) = L= [, doe=Per/y(a,y, 2)

xro oo Sy
772/ da:/ dy/ dp: WJ(%y,pz)F
z1 0 0

where (z,y, p:) = —A= [ dz e/ Mp(z, y, 2)

P2 P4 P6 9
P = dpx/ dpy/ dp: [(pe, Dy, P2)|
p p

p1 3

5

where (pa, py, p2) = oy oo dt [ dy [ dz e Pt Pt (g y, 2)
If we extend the p, and p, limits to infinity we get
P2 oo o]
P = / dpx/ dpy/ dpz <¢!Px7py,pz>(px,pyapz\¢>
p1 —00 —00

= [T [ vy [ o 01190l © o) ] )

Now the identity operator can be written as

o0 o0
= Ix®/ dpy/ dp. |py, p=) Py, P
—00 —0o0

_ m/ dy/ dz Jy, 2)(y, 2
This shows that

/ dpy/ dpzlpy,pzﬂpy,pzlz/ dy/ dzy, z)(y, 2|

which clearly makes sense.
Substituting this into the expression for P gives

P2 o0 o0
P = dpx/ dy/ dz (Y|pe, y, 2) (Par Y, 2[10)
p1 —00 —0o0

which agrees with the answer to b.



e. Method: Treat as probability problem.
Standard probability theory tells us that if u = f(x,y, z) then the probability density p(u)
is given by

plu) = / & p(ul)p(7)

where p(u|F) is the probability density over u for fixed 7, and QM tells us that p(7) = [ (7)|%.
Now we clearly must have p(u|F) = ad(u — f(7)), where the normalization constant is
determined by requiring that

| :/OO du. p(ul) :a/oo dud(u— F(7) = a

—00 —00

so that a = 1. This gives

u) = / & W@ 6 — £(7)

p:/ it p(a /du/d3 [(P)IP8(u — f(7)

and then



3.11 a. B
P:da:l/ dzs [y (z1, 22)|?

b.
P:dxl/ dajg ’1/1(1’1,1’2)‘2
C.
&) 00 ) oo &) ) &) B )
P:/ dxl/ dxg ’1/1(1’1,%2)’ +/ da:l/ dxglw(xl,xg)\ —/ dxl/ dajg‘lb(l’l,xg)’
d.
B a 5 g 0o 5 e’ B 5
P = / dxl/ dxo ]w(xl,xg)\ +/ dxl/ﬁ dxg\w(a:l,xg)] +/ da:l/ dxgh/}(xl,xg)\
00 3 )
+/ﬁ da:l/ da (a1, 72)|
or equivalently
&) 00 ) 00 &) ) &) B )
P:/ dl‘l/ dxs |¢(l‘1,$2)| —I—/ dl‘1/ d$2|¢(l‘1,$2)| —2/ dl‘l/ d$2|1[)($1,l‘2)|
c.
P B )
77:/ dp1/ dza|h(p1, z2)|
o’ e!
where ¥ (p1, x2) = ﬁ [, day e~ 1L/ (11| 1g)
f.

" 1"
P

P
P :/ dpl/ dpy |v(p1, p2)*
1% "

where 1(p1, p2) = ﬁ 25 day [70 das e~ Przitp2ra) [Py (1) y)

g. From the results of e., we find

p// [o'e)
P = / dpl/ di]j‘2|¢(p1,x2)|2
P’ -

from the results of f., we find

p// [e’)
D :/ dpl/ dpy |v(p1, p2)”
P —0o0

/

this shows that ~ -
| dnalinanP = [ dpaliton, P

—c0 —00

which follows because they are both equal to

Wl (I (] @ 2 ) )



d 00 00
P = / dx/ da:l/ drg (x — 21 + 29)[h(21, 72)|?
—d —00 —00

d [e’e]
— / dx/ dzy [¢(z1, 21 — )|
—d —00

T = <X1 — X2> = /OO dxrq /OO dxo (:El — l‘2)|¢(l‘1,$2)|2



