PHYS852 Quantum Mechanics I, Fall 2008

HOMEWORK ASSIGNMENT 1:
Density Operator

1. [10pts] The trace of an operator is defined as Tr{A} = > (m|A|m), where {|m)} is an ar-
bitrary basis set. Introduce a second arbitrary basis set, and use it to prove that the trace is
independent of the choice of basis.

Let {|¢,)} be an arbitrary second basis.
In the basis {|m)}, the trace is

Te{A} =) (m|Ajm) (1)

In basis {|¢n)}, it is
Tr{A} =) (0nlAlén) (2)

inserting the projector onto basis {|m)} then gives

Te{A} = Y (dulm)(m|Al¢n) (3)

m,n

re-ordering gives

Te{A} =) (m]A|$n){dnlm) (4)

m,n

recognizing that > |¢,)(¢,| = I leads to

Te{A} =) (m|A|m) (5)

2. [10pts| Prove the linearity of the trace operation by proving T'r{aA+bB} = aTr{A}+bTr{B}.

Tr{aA+bB} = > (m|(aA+bB)|m)

m

= a) (m|Alm)+b> (m|B|m)
aTr{A} + bvTr{B} : (6)



3. [10pts| Prove the cyclic property of the trace by proving Tr{ABC'} = Tr{BCA} = Tr{CAB}.

Tr{ABC} = > (mi|ABC|m)

mi

— Z (mq|Almg) (mg| Blmg) (ms|C|m4)

mi,m2,m3

= Z (ms|Clma) (ma|Almg) (ma| Blmg) = Tr{CAB}

mi,m2,m3

= > (ma|Blms){ms|Clma) (ma| Ajms) = Te{ BCA}

mi,m2,m3

4. [10pts] Which of the following density matrices correspond to a pure state?

(20 B Lo (00
2 ]
1 2 2
9 9 9
1 2 2 4 4
P4 = é i Ps = 9 9 9
5 5
2 4 4
9 9 9

A pure state must satisty pmnpnm = PmmpPnn for every m and n.
p1: % # 0, so NO.

pa: % = %, so YES.

p3: 0=0, so YES

. 4 2 &
P4 %5 257 SO NO

. _ 4 _ 4.
Ps: mvn_172_) 81 — 8’1’

m,n=1,3 — & = 4.

81 81 81 81

and m,n=2,3 — ¢ = 16 50 YES.



)

5. [10 pts] Derive the equation of motion, < p(t) = —%[H, p(t)], using Schrodinger’s equation and
the most general form of the density operator, p =, Pj|1;)(¢;].
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