Lecture 6: Time Propagation Ordinary Functions of Operators

» Let us define an “ordinary function’, f(x), as a

Outline: function that can be expressed as a power
- Ordinary functions of operators series in x, with scalar coefficients:
— Powers n
— Functions of diagonal operators f(x) B E f” x
n

» Solving Schrddinger's equation

— Time-independent Hamiltonian
The Unitary time-evolution operator
Unitary operators and probability in QM

Iterative solution f(A) = E fn A"

* When given an operator, A, as an argument,
we define the result to be:

— Eigenvector expansion « Examples: "
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sin(Ad)=A-—+—-——+...
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THM: A functiong of an operator is defined by
its power series



Powers of Operators

A% =1
Positive integer powers:
A=A
A’ = A4
A’ = AAA
elc...

Operator inversion:

« An operator raised to the zero™ power:

— The operator A" is defined via:

A'A=1

(A'1 )l = A

Negative powers:

A" =47
Fractional powers:
A1/2A1/2 — A
etc...
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Functions of Diagonal Operators

» Diagonal operators have the form:
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» They can be expressed in Dirac notation as:

M
D=;@

» Every operator is diagonal in the basis of
its own eigenvectors

* They have the property:
— let C and D be diagonal matrices
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¢ From which it follows that:
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Solving Schrddinger’s Equation

When the Hamiltonian is not explicitly time-
dependent, Schrédinger's Equation is readily

integrated:

%Iw(r» -ty ()

v (0) ="y (0))

— Proof:

ie—il-[t/h

dt

[y (0)) =

—_ _%He—th/hhp (O)>

- —%Hw} ®)




The Unitary Time-Evolution Operator

In general, the time-evolution operator is
defined as:
‘w (t)> = U(f»to)‘w (t0)>
— The operator U(z,t,) must be Unitary (U'=U") to
preserve the norm of [y(7))

For the case where H is not explicitly time-
dependent, we see from the exact solution

that: . "
U(t, to) — e—lH(t—to) ..;_(L/t

3
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In the more general case where H=H(t), the
above is not necessarily valid

— In this case we must find an equation for Uz,¢)).
— We start from Schrodinger's Equation:

Sy ©)=- Hip @)

Envyy zero

Jo choose
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Does i

— Which we now write as:

d I
EU(l‘ato)W (t0)> = _ZHU(t’tO)W (t°)>

— Since this must be true for any initial state,
ly(t,)), it follows that:

d

i
—U(t,t))=-—HU(t,t
” ) P (t,2,)

Unitary Operators and probability in QM

Recall 1 := CUNCIND
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Solving the Time-Evolution Operator

Equation
Since |y(t))=U(t,,t)|y(t,)), it is clear that:

Ulty,t,) =1 & indil and
o UGk by
The equation of motion:

d i
EU(Z(JO) = _ZH(t)U(tato)

Can be formally integrated:

it ! ! !
U(t,t,) =1_Zfdt H{)U(',t,)

Or re-expressed via the definition of the
derivative as:

U(t+dt,1)-U(1,1,)
dt

—%H(tw(z,ro)
Ut +dnt,) = [1 —%H(t)dt ]U(t, )

With z,=¢, this gives infinitesimal time evolution
operator: i
U(t+dt,t) =1_ZH(t)dt

So that (for numerical purposes):

Ultty) = Hm Uty +dt,ty)... UG +dt,6)U (1 + dt )

. i i i
- ]1&[1 —%H(t,\,)dt} [1 —%H(Zl)dt] [1 —%H(to)dt}

— Where?, =ty +mdt and dt=(t=1,)/N



Can this be simplified further? lterative solution:

* We have found the most general result is * We have:

Ut,1,) = im Uty +d,t,)... U +di,t)U t, +dt,1,) %U(r, ) = —%H(t) U(t,t,)

. i i i -
= ]lvlglo[l —%H(tN)dt] [1 —EH(tl)dt] 1—%H(t0)dt} Start with:

Uy(t,t)=1

* This can be re-written as:
» The iterative form of the equation is:

U1, = lim e—éH(tN)dt“.e—éH(tz)dte—%H(tl)dt ) i
Nee EUml(tato)=_ZH(1)Un(tato) U(t,l‘o)=Uoo(l‘,l‘0)
* Note that:
eAeB _ €A+B * Which gives
— Note: the “I” is an integration constant fitted to the

— Only in the case [A,B]=0 initial conditions

* Thus can we write: Ui(t.4) = [_%j:) dt, H(t,)
i
—ifdt'H(t/) + The final solution is:

— i
— ONLY if the Hamiltonian satisfies:

[H),H()]=0V 1,7

Ui, =1+ G di H(t)
+ G [ oo dnH () H ()
+ G [ disf [t H () H(0)H (@)

+...



Eigenvector expansion Eigenvector Expansion cont.

» For the case where H is not explicitly
time-dependent, it is most common to
use the eigenvector basis to express
the evolution operator.

. d
Start from: ih5‘¢>=H‘U’>

Apply the bra (w,|>:

— The eigenvectors of H are defined by the ; i _
eigenvalue equation: & dt (@, v ) ={e [l ©)
= o, (w, [y (1))
Hlo,) = ho,|o,) « Integration then gives:
— Note the following: <a) IP(f)> _ it <a) ¢(0)>
2 a)n><a)n =1
7 « We can express the state vector as:
<a)m a)n> = 6mn
)= 3o, Xo, o)
—iHt/h —iw,t n
w)=e "W .
,)="|o,) - Sl0.)e 0, O)

n



Summary

« Two approaches to solving
Schrodinger's Equation:

— Time-Evolution Operator:
* Case l: H(t)=H(0)=H:

(1)) = ™"y (0))

» Case IlI: H(t)=H(0), but [H(t),H(t )]=0:

t

— [l H ()
\1/) (t)> =e ° ‘W(to)>
» Case IlI: H(t)=H(0), but [H(t),H(t )]=0:
lyp (1) = Hm Uty +dt,ty)..U( +d6)U (G, +dt, v (0))

— Eigenvalue expansion:

w)-
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—iw,t
o,) e (0,



