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1 The central problem in time-independent perturbation theory:

Let Hy be the unperturbed (a.k.a. ‘background’ or ‘bare’) Hamiltonian, whose eigenvalues and eigenvectors

are known. Let E,(ZO) be the n!” unperturbed energy eigenvalue, and \n(0)> be the n* unperturbed energy

eigenstate. They satisfy
Ho[n”) = EP|n®) (1)
and

(nOny = 1. (2)

Let V' be a Hermitian operator which ‘perturbs’ the system, such that the full Hamiltonian is
H=Hy+V. (3)
The standard approach is to instead solve
H = Hy+ \V, (4)

and use A as for book-keeping during the calculation, but set A = 1 at the end of the calculation.

The goal is to find the eigenvalues and eigenvectors of the full Hamiltonian (4). Let E, and |n) be the n'”
eigenvalue of the full Hamiltonian, and its corresponding eigenstate, respectively. They satisfy

Hn) = En|n) (5)
and
(n|n) = 1. (6)

Because A is a small parameter, it is assumed that accurate results can be obtained by expanding F,, and
|n) in powers of A\, and keeping only the leading term(s). Formally expanding the perturbed quantities
gives

E,=E9 4+ EW + XE®) 4 (7)
and
In) = [nO) + XlnMY) + A2n@)y + (8)

where E7(1j ) and |n(j)> are yet-to-be determined expansion coefficients Inserting these expansions into the
eigenvalue equation (5) then gives

(Ho+AV) () 4 X|n 42210 . ) = (BEQAAED L 2E@ 4. ) (InO)4AnWY 42 2n@) 4. ). (9)



Because of the linear independence of terms in a power series, this equation can only be satisfied for
arbitrary A if all terms with the same power of A\ cancel independently. Equating powers of A thus gives

A Holn') = B [n”), (10)
A (Ho = EQ)n®) = = VIn®) + EQ n®) (1)
S (Ho = EQ)n?) = =V[nM) + EP [n) + EN|nM) (12)
etc... (13)
This generalizes to
J
N (Ho— ED)nW) = —vpi=y 4 Y EPnU=P), (14)
k=1

Similiarly, we can expand the normalization equation in powers of A, giving

1= <n(0)|n(0)> + >\(<n(1)|n(0)> + <n(0)|n(1)>) + )\2(<n(2)|n(0)> + <n(1),n(1)> + (n(0)|n(2)>) 4. (15)

Again, we require that all terms of the same power in A cancel independently, resulting in the set of
equations:

A0 (nOn®y =1, (16)
AL (nWn®) 4 (nOpM)y = o, (17)
N (@) + (W) + (D), (18)
which readily generalizes to
j
W (i A ) (19)

k=0
Solving these equations can be simplified by choosing a convenient global phase-factor. In this case, we

can choose the phase of the full eigenstates to be such that (n(%)|n) is real-valued. To enforce our choice
of global phase, we can expand (n(9)|n) in power series, giving

(nOn)y =1+ MnOnW) + X2nOn@) 4+ (20)

Requiring that the r.h.s. be real-values for any real-valued A requires that each term be independently

real-valued, so that ‘ ‘
nOpy = (W) |n0)y, (21)



2 The non-degenerate case

We will now describe how to solve these equations in the case where none of the unperturbed energy levels
are degenerate.

Step #1: To obtain the j** correction to the n" energy eigenvalue, simply hit the A equation from the

left with the bra (n(9)| and solve for Ey(lj ), giving

-1

EY = (nO|ypt-ty — ZET(Lk) (O U=k, (22)
k=1

<.

where we have used (n(%)|(Hy — E}lo)) =0 and (n®[n®) = 1. Note that all quantities on the r.h.s are of
order < j, and are thus presumed to be known.

Step #2: To obtain the j** correction to the nt" eigenstate, we hit both sides of the A’ equation with the
bra (m(9)| where m # n. This gives

MmOV InG-Dy 2L gk 0 0)),G-k)
(mP|V] ) o (m] )
EQ-BEY 5 Bw-EBY

(mOpd)y = — , (23)

which is the expansion coefficient of the j* correction onto the m‘* bare eigenvector.

Step #3: To obtain the remaining unknown quantity, (n(0)|n(j)>, we simply solve the normalization
equation, giving

i—1

, 17 A
(nO)nl)y = = Z<”(]_k)|n(k)>' (24)

k=1
Steps 1, 2, and 3 must be solved iteratively, starting with j = 1, and repeating for each order until the
desired accuracy is achieved.

Final Step: Once these quantities are computed, we can reconstruct the n'® eigenvalue and eigenvector

via
E, = Y MEY
§=0
= EO 4+ AED £ X2ED 4 (25)
and
) = [nO) > O Ry + > m@) > (ml
Jj=0 m#n J=0
EMON [1+A<n<0>\n<1>>+v< )|n® } 3 m©) [ O M) 4+ A2(m @@y 4]
m#n
(26)



2.1 First-order terms:

Introducing a more compact notation via
Vinn = (m OV [n).

and
B = EO) — EO)

n

we can compute the first-order terms from Eqs. (22), (23), and (24) with j = 1, yielding

and

2.2 Second-order terms:

By setting j = 2, and inserting the first-order solutions, eqs (22), (23), and (24) give us

Eff) — <n(0) \V!n(1)>

_ _ZM
— Epnn

CmOVED)  VanVin
Emn E?%"m
. Z me’ Vm’n anvnn

2, BB B

and

1
nOn@y = — 5 (nMnb)y

_ 1 >y [Vinn |
2 B2

m¥#n

(32)



2.3 Eigenvectors and eigenvalues to second-order:

Putting the first- and second-order terms together then gives the results

E, = EY 4 \V,, — X2 Z Wi * + O\,
m£n mn
and
n)y = [n@) 1——2 |Vm”| +0(\?)
m#n

V Vi Viny Vin Vi
+ Z ‘m _)\ mn +/\2 Z EmmEm/n _ TET; nn —I—O(/\3)
m#n mn m'#n mntim/n mn
Truncating the series, and setting A = 1 then gives the approximations
2
E, ~ E(O) 4+ Vi — Z ‘an‘
mn Enn
and
~ O _ = |an’ o an Vi Vinn . Vinn Vin
)= ) [1-3 30 ol | o 5 oy | 57 Yoo Yo,
m;én m#£n m/#n mn mn

(35)

(36)

(37)

(38)



2.4 The second-order Hamiltonian

With these results, we can reconstruct the full-Hamiltonian in the unperturbed basis to second-order via

H

Ho+V
> Enln)(n|

Z EO v Z |[Vinn|?
" n Emn

n m#n
1 [Vinn|? v, Vi Vi ViV
(0) _ = mn (0) _ ¥Ymn mm/ Vm/n  VmnVnn
IO 15 2 e | 2 ) EanFZ EmnEmn B2
L mz#n m#n m/#n m d
1 | Vinn |2 Vim Vnm’ Vm’ m Vi Ve
x 1-3 o @+ > —a > T — m@|  (39)
L m#n mn m#n mn m'#n mn-—mmn mn |
Dropping all terms beyond second-order then gives
2 (0)
~ 0 (O | 5O _ N Vol En
n m#n
(0) (0) - (0) Vim ET(LO) Vo Virm Er(LO) Von Vim -
_ Zn: %: ) (m | (En - Vnn) B, 27; Evm B E2
[ (0) (0) ]
V; Ey Vit Vi By Vi Vi
_ (0) (0) (0) mn n Vmm/Vm/n n VmnVnn
2.2 Im)n®] (E" * V"") Epn 2 EpinEpm E?
n m#n L m/#n mn |
0y 1)) | B Vil
2 2 Im OO = (40)
n m#nm'#n mn

With this Hamiltonian as the generator of the unitary time-propagator, we see how the perturbation will
introduce dynamical coupling between the bare eigenstates, as described by the off-diagonal terms.



2.5 Examples

2-Level system: The first example we can consider is the two-level system. Here we have Hy = 05, and
V =QS,, so that
H =465, +QS,. (41)

Here the Rabi-frequency ) will take the place of the perturbation parameter A. Let the ground state of Hy
be | |), with eigenvalue E| = —hd/2, and let the excited state be | 1), with eigenvalue E4+ = hd/2, where
clearly we have assumed § > 0. Let |0) be the ground state of the full Hamiltonian, with eigenvalue Ejy
and let |1) be the excited state of the full Hamiltonian, with eigenvalue E;. The zeroth order terms in the

expansions of E,, and |n) are therefore E(()O) = —hd/2, Eio) = 16/2, 1000y = | ]) and [1)) = | 1). Thus we
have

=B - 1m0 (12)

and

V= RAna i+ DD, (13)

To second-order in perturbation theory we then find the perturbed eigenvalues to be

Vi 2
E, = Ei"‘QVu_QZ@
Eyy

— h [g - if; + 0(93)} (44)

and

Vi 2
E, = ET+QVTT_Q2M
Ep

- h [‘5 + SZ; + 0(93)] (45)

This clearly indicates the phenomena of level repulsion. Regardless of the sign of €2, the leading-order
effect of the perturbation is to push the energy levels apart.

For the perturbed eigenstates we find

Q2 |V 2 3 Vi o2 | YV WV 3
0) = 1—— +0(2°) | + —-Q—=+Q - +0(Q2
0) rw( o 0w ) 1) (~ogt vor | T TS 4 o)
QQ
= 11 (1 g2 +0@) - 11 (55 + 0@ (46)
and
B 02 V4 3 Vit oz | YuVir VeV 3
) = (1 >, +O@) ) +14) (gl +0? | papt - i 4O
= <1 ~ 552 T O( 93)> +14) ( + 0(92)) (47)



Computing the normalization gives

2 2 2
(010) = <1 - 5% + 0(93)) + @5 + 0(93)> =1+0(2%) (48)

and o , . )
(1) = (1 2t O(Q‘”’)) - (25 + 0(93)) =1+0(0°), (49)

which verifies that the state is properly normalized, so that no re-normalization is required. Checking
orthogonality gives

(0|1) = (1 - é); + O(Q3)> (2(35 + 0(93)> — (35 - 0(93)> <1 — ?; + 0(93)) =0. (50)



Square well with delta-function For the second example we consider an infinite square-well potential
as the unperturbed problem, and we perturb it by placing a delta-function potential at the center. Our
goal will be to compute the energy shifts to second order and the perturbed eigenstates to first order. We
will attempt to explicitly evaluate all sums for the ground state only. The unperturbed Hamiltonian is

P2
Hy=— 1
0=5 TV (X), (51)
where
0 O<z<lL
Ulz) = { 00 else (52)
The form of the perturbation is
2 L
X)=—90(X—-—=
so that the full Hamiltonian is
P2 h? L
The unperturbed energy levels are given by
h2m?
E) Sz n=123,..., (55)

with corresponding unperturbed wavefunctions
Pn(z) = (@n) = \/g sin (@x) . (56)
L L

The first order energy shift is given by BV = Vi, where Vi, = (n(0|V|n(9)). Inserting the projector onto
position eigenstates gives

2h? I 212 .
nn—/dﬂﬁcﬁ h /dm sin? )5(30 2):{ Méz, nodd (57)

- MIL? n even

The matrix element vanishes for even n because these wavefunctions have a node at x = L/2., the odd n
wavefunctions have an anti-node at = L/2, so that the sin-function takes on its maximum value of unity.

The first order correction to the wavefunction is given by the usual expression [n(1)) = — > mtn |m(0)) g:zz
Thus we must evaluate the off-diagonal matrix elements, giving
2h? mm L nm —(—1)m+n 212 m and n odd
Voo — d <7)5 _f'<7>: MLZ . (58
e M L2 / oSt z)olz 2 ) sin L 0; m and/or n even (58)

O _ pO) _ 5x2 o

The energy denominator is Fy,, = En = 512
order is defined as 1, (z) = (z|n(0) + X(z|n(M)), giving

%(x):\/zbm nm 4A\/’mZ Sm< 2m — 1)1 )(2m£_1)12)7i+:2:_1)2- 59)
m#n

9

—n?). The perturbed wavefunction to first

(m




In fact, this sum can be performed analytically, although the result is not very illuminating. Computing
the first-order perturbed ground-state (n = 1) wavefunction, for example, gives

P (z) ~ % (1 — 7:\2) sin(rz/L) + % (x — Lu(x — L/2)) \/ECOS(WQ?/L), (60)

where u(x) is the unit step function. The discontinuous derivative at z = L/2 is characteristic of eigenstates
with delta-potentials.

The second order correction to the energy-shift is computed from E’,(f) =—> . 4n “g’;jf, which yields
R & 1
o . . (61)
T2 M L? (2m—1)2 — (2n—1)2
m,n=1
m¥#n

Here the sum can be computed exactly, giving

2h% 1
2) _

B =~ oA e (62)

The resulting energy eigenvalue accurate to second order is

R’ h? , 207 1
En%mn +)\ML2—)\ SNIE 2 n odd, (63)
and P22

E, = WWLQnQ; n even. (64)

10



3 The degenerate case

We now consider the case where some, but not all, of the unperturbed eigenvalues are the same. In this
situation, the non-degenerate formulas (22), (23), and (24) cannot be used because the E,,, terms in the
denominator go to zero when levels m and n are degenerate. Our goal is still to find the eigenvalues and
eigenstates of the full Hamiltonian

H=Hy+YV, (65)

where the bare eigenstates of Hy are now given two quantum numbers, one which labels the energy level,
and the other which takes into account the degeneracy. Our bare basis is thus {|nm(9)}, where m labels
the degenerate sub-levels. They satisfy

Holnm©®) = EO|nm (), (66)

In the case of degeneracy, the choice of basis which satisfied (59) is not unique. Provided that the pertur-
bation lifts the degeneracy, then a unique unperturbed basis is defined by

Inm ) = lim |nm). (67)
A—0

To see why this defines a unique basis, let’s look at a very simple example. Consider a two-level Rabi
system, governed by the bare Hamiltonian Hy = 05, and the perturbation V' = S,. For the case § = 0, the
eigenstates of Hy become degenerate, so that for every complex number z, we can define a unique possible
basis choice via

|1(0)> — Z’ Tz> + ’ ~Lz>
VIt
’2(0)> _ ’ T2> — Z*’ \Lz> ) (69)
V1+|z]2
On the other hand, for any non-zero A, the eigenstates of H = Hy + AV are the S, eigenstates, given by
— ‘ Tz> - ’ ¢z>
\/i )
NESEIIR)
V2
Thus if we use [1©)) = limy_,o|1) = [1), and |2(9) = limy_,0|2) = |2), we have specified a unique bare
basis.

(68)

1) (70)

12) (71)

In fact, the ‘good’ eigenstates will always be the eigenstates of V' in the degenerate subspace. To prove this,
we start by introducing the projector into the degenerate subspace, I,,, which clearly satisfies In|nm(0)> =
Inm(©), I, Hy = Hol, = I, Hol, = EXI,, and I2 = I,,, while for n’ # n, we have I,,|n'm) = (n'm|I,, = 0.
The energy eigenvalue equation is

(Ho + AV — Epp)|nm) = 0. (72)

Since limy_,q [nm) = |nm ), we can therefore write

(Ho + AV — Epp)|nm () = 0. (73)

lim
A—0

11



Hitting this equation from the left with I,,, and using |nm(?)) = I,,|nm ) allows us to write the equation
as
limn (AL VI = (B — EON L |lnm @) = 0. (74)
_)
Introducing V,, = I,V I,, noting that limy_o(Epm — E)) = limy_ AES, and dividing both sides by A
before taking A — 0 gives
(Vo = E)lnm @) =0, (75)
which tells us that the correct bare eigenstates are the eigenstates of V,, which satisfy Vn|nm(0)) =
vnm|nm(0)). Furthermore, we see that the first-order energy shifts are just the corresponding eigenvalues,

E?%)l = Unm-

At this point, there are two ways to proceed. The first is the straightforward method, we just take this
‘good’ basis and proceed with expanding the energy eigenvalue equation in powers of A, and then solve the
equations associated with each power. The other method is conceptually ‘trickier’, but allows us to map
the degenerate problem onto the non-degenerate problem, and therefore use the previously derived results.

3.1 Approach #1
First, we will just approach the equations directly, one order at a time. The basic equation is now:

J
(Ho ~ EO)nm ) = <V jun=0) 1 37 B =), (76)
k=1

which together with the normalization constraint:

—1
(nm®) |nm =Py (77)
k=1

<

N |

(nm O |nm Wy = —

and the ‘good basis’ condition:
(' OV nm @Y = vy, (78)

allow us to compute the perturbed eigenstates and eigenvectors, defined via

j=1
and -
Inm) =" X|nmY). (80)
j=0

In the degenerate case, there are three possible actions we can perform on (76) to generate useable equations,
as opposed to two for the non-degenerate case. They are

I Hit with (nm(%| from the left

IT Hit with (nm’(©)| from the left, where m’ # m.

12



III Hit with (n/m/()| from the left, where n’ # n.

The main thing we hope to prove is that the ‘good basis’ condition is sufficient to remove any singularities
due to vanishing energy denominators when degenerate levels are mixed.

3.1.1 First-order terms

With j = 1 we can start by computing (nm(® |nm®), giving

0
1 4
0 1y _ k —k)\ _
(nm O |nm™My = —3 E (nm®|nmU=F)y = 0. (81)
k=1
The energy equation is then
(Hy — EONnmM) = =V |nm @) + EW 1nm ), (82)

From action I, we get

0= —(nmOV|nm®) + Y, (83)
which gives
E,,(i?)@ = Un (84)
as expected.
From II, we get
0 = —(nm/ OV |nm®) (85)
which is just a re-statement of the ‘good basis’ constraint (78).
From III, we find
(B — EOYn/m/ O nm @y = —(nm/ OV |[nm @)y, (86)
Solving for (n'm’|nm() gives
(n'm'©|pm®y = —anm/nm7 (87)

An/n

where we have introduced the new notation A, = Efl(,)) — E;LO) to avoid confusing the energy denominator

with the full energy level E,,.

At this point, we note that we have exhausted all of our equations, but have not found the components
(nm/©O|nmM). We will, however, proceed to the case (j = 2), and hope for the best.

3.1.2 Second-order terms

With j = 2, we find

(nmOnm?)y = — % (nm ™ |nm ™))

13



_ _% Z ’<n/m/<0>|nm<1>>’2
= —= Z ‘nm’(o)\nm(l) ‘ Z ‘ nm'(o |nm )

m/#m n;én
= — Z ’nm'(o)‘nm(l) ‘ Z |Vnmnm’ , (88)
m/#£m ';én

which we cannot evaluate further because the remaining coefficients have not been determined.

The second-order eigenvalue equation is

(Hy — ENnm®) = —V|nm™) + EW lnm®) + E@) |nm () (89)
From I, we obtain
0 = —(nmOV|nmWy + E@) (90)
which leads to
B =S Vi (0 @ nm®) + 37 Vi (/@ )
n/;én m/
nmn m’Vn 'm/nm
R s (1)
,76/”

where we have made use of (78) and (81) to eliminate the second term. This is essentially the same result as
that from non-degenerate perturbation theory, but with the singular terms excluded from the summation.
From action II on Eq. (89), we find

0= —(nm/ OV |nm®) + EL (nm/© [nm D). (92)

Notice that this equation contains no second-order unknown quantities, but it does contain the remaining
first-order unknown, (nm’ (O)Inm(1)>. Solving for this variable gives

Unm <7’Lm/(0) ’nm(1)> = Z Vnm’n”m” <n//m//(0) ’nm(1)> + Z Vnm’nm” <nm//(0) ]nm(1)>
l/#n m//
nm n”m”Vn”m 'nm
= - Z + Oy (O | um )y (93)
”7én n 'n

This then leads to

<nm/(0)|nm(1)> _ Z Vamtnrimn Varrm nm’ (94)
n''%n Unm’mAn 'n
m//
where we have introduced
Unm/m = Unm/ — Unm.- (95)

Intriguingly, we have obtained our remaining first-order term by solving a second-order equation. That
the equation is second-order can be seen by the fact that there are two V’s in the numerator. That the

14



resulting term is first-order can be seen by the fact that there is a v in the denominator, so that the term
2

scales as )‘7 =\

This allows us to complete our expression for (nm(?|nm(?), yielding

<nm(0)|nm _ z : z : 2 : Voma mr Verrm e Ve e Vi, _} j : Vomn/m! Vv nm
o n//n’U2 ’ An///n 2 Az/
/#m n//¢n n///#n nm'm n/#n nn
m m/l/ m/
(96)

Lastly, from III, we obtain
An/n<n’m'(0)|nm(2)> = —(n’m'(0)|V|nm(1)> + Eﬁ%(n’m'(o)|nm(1)>, (97)
which gives us

1, 1(0) 2\ _ Vv nm! Varrm/ nm Vivm nm” Vot Vit m, Vorm/nmVnm
(n'm" ™ |nm'<)) -
Apn Ay,

2
n''#n m' #m n'"+n Ay Vpm/tm Ay, An/n

m// m/ll

(98)
At this point we see that we have run out of second-order equations, yet have not obtained an expression
for the components (nm’(©)|nm(). Tt is logical at this point to assume that we can obtain these coefficients
by solving a third-order equation, which is left as an exercise.

3.1.3 Results to second-order (almost)

Thus we have found

V ’ /V Tor !
Epm =B + Xvpm — Y NP O(\3) (99)
n/#n n'n
m/
as well as
2
‘nm> — |nm(0)> 1— )\7 VTZnn/m’ Z Z nmnm”Vnm 11! Vit m, I Vrgm’nm + O()\?))
2 n'#n n'n m''£m n"' #n ’Unm ,mAn///n n'n
m///

+ Z |nm/(0)> A Z nmn”m”Vn”m 'nm O()\2)

U A//
m'£m ' n nm/m=n''n

m'

Vn’m’nm (%0
n'#n

V/ ’ ///V " V// ”
+ )\2 Z Vn’m’n”m” _ Z n'm'nm"” Vam!''n''m/" n''m'" nm + O()\B) (100)

/' %n "m Unm!"m An’nAn”n
m//

"

Note, in going from Eq. (98) to (100) it was necessary to make the change of dummy variables n” — n”.

’”—>m , and m” — m'".
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3.2 Approach #2

We begin by noting that the ‘good’ bare eigenstates are eigenstates of Hy + A\V,,, with eigenvalues E7(10) +
Anm. Armed with this, we can re-define our bare Hamiltonian as Hy = Hy 4+ AV,,, and introduce the new

perturbation V = A(V — V;,). We will then use non-degenerate perturbation theory to solve
(H 4 pV)|nm) = Epm|nm), (101)

taking as our bare basis {|nm(?)}, with bare energies now given by EQ = g® ¢ AMpm. By setting p =1
at the end, we will recover the eigenstates of H = Hy + AV. Note that even if some of the eigenvalues of
V,, are degenerate, we can still use the non-degenerate theory, as the fact that (nm(©|V|nm/()) = 0 will
kill all singular terms.

In using perturbation theory, we have to replace n with n, m, and the condition n’#n will go to n'#n & m/#m.
This is because we are elevating each |nm(0)> state to the level of a non-degenerate state. After transforming
the indices in this manner, the second-order energy formula (32) become:

- vV, vV,
Eum = E®) + 1Vrumam — 2 3 z Vormtoml” _ 2 z Womanl® 6 (102)
/#nm/ 1 nmnm ml=1 nm nm
m!/#m

(0)

where Eypimm = £, — ET(L%, and Vymmm = (n'm/©O|V[nm(®). Taking into account Vypmm = 0, this
simplifies to

V
b= £ -2 Y 5 Wl o (103)
n'#nm'=1 nm nm
The next step is to set u = 1, and express everything in terms of our original E7(10) and V, giving

d,

0+ v , 104
where A, = EY(L(,)) — ET(LO) and Vpiminm = Unim!/ — Unm. As we only want the correct energies up to
O(A\?), we need to expand this expression in powers of A\ and throw away terms of O(A\3) or higher. Since
(a+A0)'=1(1- )\2 + /\22—2 —...), we see that keeping only terms up to second-order gives

(0) 2 |Vn m/ nm|
Epm = B 4 Xopm — A Z O(N?). (105)
n'#nm/=1

Thus Eq. (73) is the correct second-order expression for the energies in degenerate perturbation theory.

Similarly, translating the indices on the second-order state formulas (33) gives:

n'#nm/=1 nmnm
dpt hof doir =~
+ E E ‘n/m/(0)> _,U' Vorm/nm 2 Z Z nmn”m”vn”m 'nm +O(M3)
'#nm/=1 nmnm n'#£nm/ =1 nmnm n 'm"nm
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dn d, i

+ Z ’nm Z Z nm n”m”Vn”m”nm O(M?,) (106)

U
nm nm n m/''nm
m/=1 n/'#n m/'=1

where we have again relied on Vj,pymm = 0 for simplifications. Setting 1 = 1 and expressing everything in
terms of V' and Ey(LO) gives

)\ n'm/nm
Inm) = |nm® Z Z AL [Var |

nn+)‘vnm/*vnm)

n/#nm/=1
d,n
n
7 1(0 )\Vn/m’nm nm n' m”Vn”m 'nm
+ E E In'm/©) - E E
i n mi—1 A+ AVpiminm T = 1 A,y n—i—/\vn 'm/! nm)(An//n—l—)\Un//m//nm)
d,n

+ Z |nm/(0) Z Z nmn m“Vn”m 'nm ‘ (107)

”;ﬁn m=1 )\Unm nm n“n + Avn”m”nm)
/¢m

The next step is to expand in powers of A and keep only terms up to O(\?), which gives

nm) = |nm©) Z Z V\Vnmnm\

n’#nm/=1
n'! ) d 7" 2
+ Z Z ‘n/m/(0)> _)‘Vn’m’nm + A Vn’m’nmvn’m’nm Z Z AV, nmn m”Vn”m 'nm
2
n'#nm’=1 Anrn An’n n''=n m'=1 ApnApmy,
d 1
+ Z ’nm/(o A Z Z nmn m”Vn”m 'nm (108)
//#n m// 1 Unm m n n

/¢m

Notice that something very strange has occurred with the final term. This term, which was originally
second order in p, has become first-order in A. This means that a second-order calculation was necessary
to obtain the correct state to first-order. Thus we can predict that a third-order calculation will similarly
yield second-order terms. This means that we can actually only trust our states (76) up to first-order.
Dropping all terms greater than first-order gives

Inm) = |[nm@) (1+0(\?))

d s
- )\Vn’m’nm
n Z Z ]n/m'(0)> (_%4_00\2))
n'#nm/=1
d,n

4 Z @) (A3 3 "m"mV"m mm 4 002) | (109)

v
nmm n''n
/I;én m// 1

;ﬁm

Equations (73) and (77) are the main results of this section, giving the energies to second-order and the
states to first-order.
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3.3 Examples

A three level system: The simplest quantum system which can require degenerate perturbation theory
is the three-state system. If a two-state system is degenerate, it must first be diagonalized in the degenerate
subspace, after which the problem is solved exactly. Let us consider, therefore, a three-level system with

000
Hy—FEy| 01 0 |, (110)
00 1
and
0 V2 2v2
VoWl v2 0 2 , (111)
2V2 2 0

both defined in the "physical’ basis {|1),|2), |3)}. The bare Hamiltonian has two energy eigenvalues Efo) =0

and Eéo) — Ey. The first eigenvalue is non-degenerate, with eigenvector |1,1(%)) = |1), while the second is
doubly degenerate, with a degenerate subspace spanned by |2) and |3). The projection operator for the
degenerate subspace is

I = [2)2[+[3)3] =

o O O

00
10 |. (112)
0 1

This leads to the projection

Vo=5LVI =V (113)

o O O

0
0
2

o N O

This operator has eigenvalues 0, —2Vp, and 2V}, with corresponding eigenvectors |1), %(|2) —13)), and
%(|2> + 3)). To determine which two eigenvectors live in the degenerate subspace (pretending for the

moment that it is not completely obvious), we can apply Iy to each, and discard any states which give
zero. Applying this test, we find that the two ‘good’ basis states for the degenerate subspace are |2, 1(0)> =

75(12) = 13)) and [2,29) = Z5(12) + [3)).

In the new basis {|1, 1(0)), 12, 1(0)>, 12, 2(0)>}, the bare Hamiltonian matrix is unchanged, and the perturba-
tion is diagonalized in the degenerate subspace giving

Vitir Viiar Viiee
V= | Vg 2V 0 . (114)
Vites 0 2V

Computing the necessary matrix elements, we find

Vi = (1, 101v1,10y = qv]1) =0, (115)

1
Vitr = (1,10(v]2,10) = 7 (1V|2) = (1|V[3)) = =V, (116)

and 1
Vit = (1,102,200 = 75 (V12 + AV[3) = 3%, (117)
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so that in the new basis,

0 -1
V=Wl -1 -2
3 0

We can now readily evaluate Egs. (73) and (77), giving

|Vag11|?

AEQl

V- 2
Ell = Eio) + )\’011 — )\2 (’ 2111‘

_/\2%

3

By = EY 4 vy
= Eo—)\QVO—l—)\QV
and
Ey = E-—
= Ep+ X2V + A2

For the first-order states, we find

_ (0) (0) L2111
1,1) 1,1 >+)\(]2,1 ) "

= 1) - 21002 4 ]

A2V L 0 2V

= 1) +[2)A

+13)A

Ey Ep

Vo211 V1121

2,1) = (2,10 4 |2, 200\ =210
2,1) | )+ ) XN

= |1,1(0>>>\V

Vg 3%
= [ +2>ﬂ<1+)\ >+

and

Vo111 Vi122
Avz1220AF7 2

— 12,100y g +

2,2) = [2,20) +]2,1)x

3V,
= —|1,10)\22
|7 >>\E

3Vo 1 3V0>
= A g (1o a2
I Ey H\/?(

19

_ eVl Vi121]?

2(0) + )\’1)22 —

+ 1,100\

202,100 4+ 2,200 2
Ey

3
+ ABy >+O()\ )

+0(\®)

+0(\®),

|Vi122]?

2
A AElg

vy
Eo

Ve
(0) 2211 3
+12,2 >AE1> +0(N)

2(0)))\£ +O0(X\3)
Ey

Vii21
AFEi

+ O(\®)

\}5 ( 1+A3V0> + 0\,

+0(\3)
3V

3)

.
41, 1@\ 1122 +O()\3)

AE
)+ 0()
1 3Vp
Al

12,200y 4

+3) 1E,

+ )\> +O(\3).

(118)

(119)

(120)

(121)

(122)

(123)

(124)



4 Practical Iterative Approach

While some energy was spent deriving analytic expressions for second-order and third-order terms, keep
in mind that in practice, the terms would be computed iteratively. In other words, instead of expressing
the jth—order terms in terms of zero” order terms, as is customary for terms up to second-order, it is more
efficient to express the j*-order terms in terms of (j — 1) order terms only, and just iterate the equations.

4.1 Non-degenerate iterative equations

For the non-degenerate case, the iterative equation (adopting uniform notation) for the energy level shifts

is
j—2
— Z Vi (0! @O n =1y — Z EWR) ()| G=F)y
n’ k=1

For the expansion coefficients, the iterative equations are

, 1 i1 -
(nOpt)y = -3 Z(n(k)‘nu k),
k=1
and for n' # n,
k)
(0’ O)ply = — ”< 7(0) | =1y +Z < By (n' O U=R)y
A An n

n'!

4.2 Degenerate iterative equations

Assuming that the correct bare eigenstates are in use, we have

—2
ED) = vy (nm O nm=D) 4 Z Vi (n'm! @m0 =1y — ZETS@L(nm InmU=R)Y,

.

n'#n k=1
and
o Olan) = L S un® a5,
2.4
and for n’ # n,
(! Olam @) = — 3 anz#< Oml ) 4 Z A(k) O -8
m e k=1

For n’ = n, but m’ # m, we have

(O @) = — 3 Vot w100y ) 4y By nm’<0>\nm<ﬂ k1))

n''%n Unm/'m =2 Unm/m

m'

J
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(126)

(127)

(128)

(129)

(130)

(131)



