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13. The Integral

The concept of integration, and the motivation for developing this concept,
were described in the previous chapter. Now we must de ne the integral,
carefully and completely.

According to Webster'sdictionary, \to integrate" meansto make complete
by adding parts. This is indeed what is donein integration in calculus. The
integral is the resulting total.

13.1 DEFINITIONS, TERMINOLOGY, AND NOTATIONS
We must begin by establishing someterminology.

Region of inte gration.  The region of integration is a segmen [a; b] of the
real line. That is, the regionis the set of points x with a x b

Dier ential elements. The region of Hwt:gi%%ion will be subdivided into
many small parts, as illustrated in Fig.77. ese small segmens of the
region [a; b] are called the di erential elemens, or just elemens. There are
in generalN elemerts, ead of length x. Note that N x is the length of
the full region of integration, i.e., b a, so

_b a (13-1)

N
fig:diffelt
The set of points usedto subdivide the range [a; b] (seeFig. |’?|5.E')||se >

X

fXo; X1; X2; X3; 111 XN 1) XN O

where xo = a is the left endpoint and x5 = b is the right endpoint. We
denote a generic point in this set by xx, where the index k has an integer
value from 0 to N. Therefore the position on the real line of the point xy is

Xk = a+ k( x): (13-2)

For example,x; = a+ X, X = a+ 2 X, etc. Note that the right-most
point is

Xy =a+N x=a+ (b a)=b;

i.e, the right endpoint of the full range. The kth dierential elemer is the
small segmen [xx 1;Xk] whoselength is xx xx 1= X.

1
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The integral will be de ned asa certain sumof terms, in the limit x! 0
and N ! 1. In taking the limit, N x remainsconstart, equalto b a.

The denite integral. The de nite integral® of a function g(x) for the
integraﬁglo%iﬁceagion [a; b] isthe sumofterms g(xx) x for the subdivision shown
n

in Fig. 77, elimit x! 0. Written asan equation,
the de nite integral = Iirln oa(xk) x
X0
X\l . . .
Here indicates that we sum over the N elemenal segmers, of which the
k=1

kth is [xk 1;Xk]. The mathematical symbol for a discretesumis (the Greek
letter with the sound of °S'). The notation for summation is described in
Appendix B.

13.1.1 Notation for the de nite integral
z

The mathematical symbol for the integral is . It resenbles an elongated

*S', which is appropriate becauseit standsfor a Summation of many parts.
A de nite integral depends on three things, and the notation for the
integral must display all this information. First, there is the function that is
being integrated, which is called the integrand; let g(x) denote the function.
Second,there is the variable of integration, which is the independert variable
x of the function g(x). Third, there is the region (or rangé of integration
[a; b]; this is the set of real numbersx with a x b, The notation for the
de nite integral is
Zy
g(x)dx: (13-3)
a
Note how it displays the three piecesof information: the function is g(x), the
independert variable (x) is indicated in dx, angl jtlnter]()?ndpoints of the range
of integration are a and b. The expressionin (h%fz)iTread as\the integral
of g(x) from ato b." .
The complex symbol in (E%%)r%ﬁnds for a single number. For example,
the integral of the function x? for x from 1 to 3 is denoted by
Z3
x2dx;
1

1we de ne in this chapter the \de nite" integral, which must have a specied region
of integration. The \inde nite" integral will be de ned in Chapter 14.
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the value of this integral, which we'll learn to calculate in Chapter 14, is
26=3. Thus we may write an equation,
z 3
26
x?dx = = = 8:666::::
1 3

13.1.2 Operational de nition of the integral

Summarizing all that has been said, the equation that de nes the de nite
integral of a function g(x) overthe rangea x bis

Z b )(\l

g()dx = lim = g(x) x: (13-4)

a X1 k=1
fig:diffelt

The set of points fxé)'-ééﬁ Xaif XN G is speci ed in Fig. |'?|5.5. : Fhé sum on the

right-hand sige"%gﬁ%lﬂ%&%ltl&q the Riemann sum.
Note, in (I%' 3) '

-3)and (IL3-4), the appearanceof our old friend the di eren tial
dx. A good Qoitr%ié%n simpli es mathematics. The clever idea behind the
notation in (T3-3)is that g(x)dx is the \in nitesimal" cortribution to the

total from the dierential elemen dx. The integral is the sum of all the
elemenal parts.

If we think of g(x) asthe density of a quantity Q, i.e., the amourt of Q
per unit of x, then g(x)dx is the a_mpurt of Q in the in nitesimal segmen

) ’ eq.defintdef . .

dx of the x axis. The integral (I%-ZI) is the total of Q over the integration
region[a;b. o efintdet

In principle, (I%'—Z[) could be usedto evaluate any integral, by numerical
computation of the sum for very small valuesof x. Indeed, this method is
usedto evaluate integrals by computer. We'll considersomesimple examples
of this operation in the next section. Howewer, doing the calculation this way
is very cumbersomein practice. We will develop more powerful tedd?.n{%es

. . . eq.aerin

to calculate integrals in Chapters 14 to 17. But in any case(I%-ZI) IS the
mathematical de nition of the integral.
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13.2 EXAMPLES

. . . . . eq:defintdef
We will ewvaluate here somesimple inte r%lgﬁ%gfctly from the de nition (h%—i

4). The sumon the right-hand side of (g%zrmrred a Riemann sum, named
for the mathematician Riemann?

Evaluating the Riemannsumis a very tediousway to calculate anintegral.
We will discover a more powerful method in Chaéot:ggf%t%eput it is instructiv e
to look at somevery simple integrals by using (IL3-4) directly, to understand
the basicidea of integration.

Example 1. Considerthe constart function y(x) = 3:6. Determine the
de nite integral of y(x) over the integration range2 x 7.

Solution.  Subdivide the region of integration [2;7] into N elemers of
length x = 52N. The Riemann sum is a sum of N terms, and the con-
tribution from the elemenal segmen [xx 1;Xk] IS

y(xk) x= 36 NE: (13-5)

This elemeral contribution is independert of k becausey(x) is constart, so
the Riemann sumis a sum of equalterms, i.e., just equalto N times any one
term,
X 5
y(xx) x = 36 N N =18 (13-6)
k=1
In this exampleja constart function|the limit x ! O (or, equivalently,
N ! 1) istrivial becausethe Riemann sum doesnot dependon x. The
limit of a constart is the constart! Hencethe integral is
Z4
3:6dx = 18 (13-7)
2
Gener alization.  The example of a constart function is so simple that we
canimmediately generalizeExample 1 to an arbitrary constart function, say
g(x) = C, and an arbitrary rangeof integration, a x b. We'll prove that
Zy
Cdx=C(b a): (13-8)
a

Note that the answer to Example 1 agreeswith this generalformula.

2Bernhard Riemann, who lived from 1826to 1866, claried the proper de nition of the
integral. Another of his developments|Riemannian geometry|is the essernial mathemat-
ics used in Einstein's theory of general relativit y.
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To prove the general formula, repeat the analysisin Example 1. In the
generalcasethe point xi in the subdivision is xx = a+ k( x) where x =
(b a)=N is the width of an elemenal segmen. Then the de nition of the
integral gives

Z b )(\]
Cdx= Ilim C x= lim C xN: (13-9)
a NI N1
Substituting N x=b awe nd the generalresult
Zy
Cdx=C(b a): (13-10)
a
The limit N ! 1 istrivial in this case,becausethe Riemann sum does not
dependon N.

Example 2. Considerthe function f ( ) = 3 where the independert vari-

able is denoted by . Determine the de nite integral of f () from = 0to
= 10.
Solution.  Subdivide the integration region [0; 10] on the real line of , into
N segmers of width = 10=N. The endpoints of the elemens are points
in the setf o; 1; 2;:::; ng where = k( ). (Note that o = 0 and
n = 10.) The cortribution to the Riemann sum from the kth segmen is
f(«) =3 =3k( ) (13-11)
The Riemann sum for N elemerns , call it Ry, is
X ) 2)(\'
Ry = k( )=3( ) K; (13-12)
k=1 k=1

in the secondequality we have factored out the constart factors 3and ( )?2.
Recall that the sum of the rst N integersis®

k=1+2+ 3+ + N = %N(N+1): (13-13)
k=1
Thus
Ry = gN(N +1)( )% (13-14)
or, substituting = 10=N,
3 100 150
= — + —_— = + — -
Rn 2N(N 1)NZ 150 N (13-15)

3SeeApp endix B.
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Now, to obtain the integral we must take the limit I 0, which is equiva-
lentto N! 1 because = 10=N. The term 150-N goesto 0 in the limit,
sothe integral is
z 10
3d =150 (13-16)
0
We'll generalizethis result after the next example.

Example 3. Consideragainf ( ) = 3, but now integrate the function from
=5t0 = 10.

.defintdef
By the de nition (eI%-ZIe)I,n £
z X

10
3d = Ilim 3x( ) (13-17)
5 ! Ok=1
In this case  is 52N becausethe region of integration haslength 5 and is
subdivided into N elemeris. Also,  isthe valueof on the real line at the
right side of the kth elemen,

k=5+k (13-18)
For example jisat5+ |, jisat5+2 ,andsoon; y isat5+N =10
asrequired. The Riemann sum for a subdivision with N elemers is
X
Rv = 3 ((B+k )
k=1

3 5N+%N(N+1)

75N (N + 1)
= 15 5+ —— 13-19
where in the last step we have substituted = 5=N. Finally, we obtain

the value of the integral by taking the limit N ! 1 . As in the previous
example,N(N + 1)=N?! 1. Hencethe integral is
Z 19
75 225
3d =75+ —= —: 13-20
] 5= (13-20)
Gener alization.  We may generalizethe results of Examples 2 and 3 to
any linear function of the form f (x) = mx with m a constarn, integrated
betweenarbitrary points x = a and x = b. We'll prove that

zZ,
- m 2 . =
mxdx = > B a? : (13-21) |eq:intmx

a
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Note that the result of Example 3 agreeswith this generalformula, form = 3,
a=5and b= 10.

To prove the generalformula, repeat the analysisin Example 3. In the
generalcasethe point xi in the subdivision is xx = a+ k( x) where x =
(b a)=N is the width of an elemenal segmen. Then the de nition of the
integral gives

Zy
mxdx = Ilim m(a+ k x) X
a NI
_ N(N + 1) 2 .
= NIl!gn m Na x+ f( x)° (13-22)
Now substitute N x =b aandtakethelimit N ! 1:
Zy h
mxdx = lim m a(b a)+ 3 INE (b a)2

a

m ab a)+ 3(b a)?
m a+ i(b a) (b a)
b+ a

=2 a):% P a? (13-23)

In this calculation the limit N ! 1 was evaluated in the secondstep by
replacing N (N + 1)=N 2 by 1.

13.2.1 The integral of an arbitrary linear function between arbi-
trary endp oints

i eq:intC leq:intmx X
Equations (I%-S) and (ﬁ%?ZIYare nice, general formulas. But we can do

better. In this section we'll determine the formula for the integral of any
linear function.

A linear function of the independert variable x has the form Cy + Cix
where Cy and C; are constarts. The function y(x) = 3:6 in Example 1 is
an example of a linear function, with Co = 3:6 and C; = 0. The function
f() =3 in Examples 2 and 3 is linear, with Cop = 0 and C; = 3. Now,
what is the integral of the most generallinear function Cy + C;X, over an
arbitrary region of integration [a; b]?

We'll prove that

Zy

(Co+ Ci1x)dx = Co(b a)+ %Cl K al: (13-24)

a

After proving this result, we'll never again needto evaluate a Riemann sum
for a linear function! We can just plug in the speci c valuesof the constarts
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Co, Cy, a. andg'goerclzglcqlate the.integral. . . intC
ECLU‘?}HQ& (% just a simple extension of the earlier results (h%?g)*
and (&%?ZIY The integral of a sum of functions is simply the sum of the
integrals,
Zy Zy Zy

[fi(x) + fa(X)]dx =  fi(x)dx+  fa(x)dx: (13-25)

a a a
This is true becausethe Riemann sum of f1 + f, is the sum of f; plus the
sum o.ffﬁ1 ?an, after taking the limit N ! 1 , the sumsbecomethe inte ral§
. eq:sufrio R X eq.genlin
in (I3-25). Now note that trée_itn\%o ternés_lzrnlp g(he right-hand side of (15-521)
follow from the integrals in (I%—B) and (13-
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13.3 GRAPHICAL INTERPRET ATION OF THE INTEGRAL

Graphical analysis of functions is an important technique in scienceand en-
gineering. For example, considerthe function

F(x) = x%e *5; (13-26)

which might describe a cause-and-e ectrelationship betweentwo variables,
x and F, in a physical system. A sciertist encourtering this function 8.9 in
a theoretical calculation, would immediately sketch its graph (Fig. F?g?);_rﬁe
pictorial represeration is easierto comprehendthan the symbolic formula.
The graph shows that as x increasesfrom 0 to 30, the variable F starts at
0, then risesuntil F reachesa maximum at x = 10 and then decreasesnore
gradually to O.

The derivative dF=dx, or FYx), is an important quarntity in the analysis
of a function F(x). It is the rate of changeof the variable F with respect to
a changein x. The derivative function hasa simple graphical interpretation,
which we studied in Sec.4.2: The derivative F {x) is the slope of the graph
of F(x) at x. For example, looking at Fig. ﬁ%fzog_rthe function in (E%%(%S) we
can immediately seethat the slope starts at 0 at x = 0, becomespositive
as x increases,but returns to 0 at the maximum (x = 10); as x increases
beyond this point the slope becomesnegative but approachesO (from below)
asx tendsto 1 . All of the detailed properties of F (x) and F %x) can be seen
from the graph.

The slope of a graph is a \geometric" concept, becauseit involves the
shape of the curve. The physical application of the function F(x) may be
completely unrelated to geometry. But weintro ducethis geometricconcept|
the slope of the graph|as an abstract mathematical construction that will
help us to analyzethe ftf;gction.

The de nite integral abF (x)dx is another important quantity in the anal-
ysisof afunction. It is the amount of a quantity whose\density" (amount per
unit of x) is F (x). This concepthasmany physical applications, asillustrated
in Chap.12. Can the graph of F (x) help us to analyzethe intﬁgral?

The integral doeshave a simple graphical interpretation. ;’F (x)dx is a
certain area in the graph of F (x): It is the areabounded above by the curve
F (x), boundedbelow by the x axis, and boundedon the sidesby the vertical
Iineg X 5.2 and x = b. For example, the integral of the speci ¢ function F le)xzeshaded
in (h%?ZG),from N 5to x = 20, is the areaof the shadedregion in Fig. |”g77
We'll prove that ;F (x)dx is equal to the shadedarea presenly.

It is important to understand that the \area of the graQT' doesnot gen-
erally refer to a real physical area. In most applications, F (x)dx is not a
physical area, or any other geometric quartity. It could be a mass,or kinetic
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energy or an electric eld, etc. (cf. the examplesin Chap. 12). We introduce
the \area of the graph" asan abstract mathematical construction that helps
us to analyzethe integral.

Some applications of integration are in fact calculations of geometrical
guantities, such asareasor volumes. For example, we consideredarea calcu-
lations in Sec.12.1aselemerary examplesof integration; seealso, Chapter
16. In an area calculation the graphical interpretation of the integral is
identical to the actual application. But in other applications the graphical
interpretation is just an aid to understanding. Then the actual meaning of
the integral is not a physial area but someother physical quartit yjmass,
kinetic energy electric eld, etc.

The following statemerts summarizethe meaning and graphical interpre-
tation of the de nite integral.

R
Meaning: The integral ;g(x)dx is the total amount of a
quantit y whosedensity is g(x), for x betweena and b.

R
Graphical interpr etation: The integral abg(x)dx is the
area bounded above by g(x) and below by the x axis,
betweenx = a and x = b, on a graph of g(x).

13.3.1 Pro of of the graphical interpretation

fig:proofGl
Figure |'?|5.5 irlol?strates the graph of g(x). Subdivide the range of integration

[a;b] into N small segmens of width  x. For eacdh segmei two rectangular
strips are shown in the gure, which havewidth  x and height gmax Or Omin -
The area A under the curve may be bounded above and below. A is less
than the sum of the strips if we take the maximum value of g(x) in the kth
strip asthe height of the strip; A is greater than the sum of the strips if we
take the minimum value of g(x) in the kth strip asthe height of the strip.
The areasof these larger and smaller strips (= width times maximum or
minimum height, respectively) are g x and g™ x. Adding all the strip
areas,the bounds on the area A under the curve are

. X
g x A o x (13-27)
k=1 k=1

Now take the I(i_mti)tds x! OandN ! 1 ,with N x=b a, aconstart.
The sumsin (13- i)‘tgofth tend to the samelimit, namely the integral, by

. eg.ae, . .
the de nition (I%—Z[). El%her sum senesasthe Riemann sum for the integral.
The two bounds squeezetogether to the value of the integral as x ! 0.
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Therefore the area A under g(x) must be equal to the integral,
z b
A= g(x)dx: (13-28)
a

fig:proofGl
Figure |'?5.5 givesan intuitiv e picture of the graphical interpretation of the

de nite integral. Integration is equivalent to subdividing the integration re-
gion into small elemerts, adding the elemenal cortributions (either g™ x
or g x) and taking the limit x ! dx. The result is the area under
the curve becauseg(x)dx is the elemenal area (height times width) of an
in nitesimal elemen.

13.3.2 Negativ e integrals

In the discussionleading to (E%?Afgl)in was tacitly assumedthat g(x) is pos-
itive in the integration region [a;b]. What about a fungI t!ﬁg fE‘m(cx) that is
negative for somepart of the region, asillustrated in Fig. 7?7 The elemenal
cortribution f (xx) x to the Riemann sum is negative for a segmet in the
x region [c;d] wheref (x) is negative. If we interpret the integral asan area,
what is the meaning of negative area? In the graphical interpretation we
E' gnset Hlngerstand negative areaas areabelowthe x axis. For example,in Fig.
77, the Integral of f (x) from x = ato x = bhasthree parts: positive areafor
x from a to ¢, where the curve is above the x axis; negative area for x from
c to d, wherethe curve is below the x axis; and positive areafor x from d to
b. The integral from ato b isRIhe sum of thesethree areas.

Sothe basicideais that f (x)dx is the area betweenthe curve of f (x)
and the x axis. Where f (x) is positive, the curve is above the x axis and the
areais positive; wheref (x) is negative, the curve is below the x aéis and the
areais negative. In the graphical interpretation of the integral ( f (x)dx =
area) regionswhere the curve is below the x axis count as negative area.

Example 4. Considerthe sinefunction. Figure 77is a graph of sinx, for x
between0 and 2 . What is the integral from x = Oto x = 2 ?

Solution. The integral from 0to s positive, and in fact equalto +2.4 The
value +2 is the area of the region bounded by the rst half-cycle of the sine
curve and the x axis; this areais positive becausethe curve lies alove the x
axis. The integral from to 2 is negative, and equalto 2. The value 2
is the area bounded by the secondhalf-cycle of sinx and the x axis, and it
is negative becausethe curve lies belowthe x axis. The integral from 0 to 2

4We'll learn to evaluate this integral in Chapter 15.
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is 0 becausepositive and negative cortributions cancel,
z 2

sinxdx = 0: (13-29)
0
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13.4 DISTANCE TRAVELED IN ACCELERATING MOTION

Consideran object M moving along a line® with a varying velocity v(t). The
accelerationis

a(t) = %: (13-30)

In a graph of velocity v versustime t, the slope of the curve at t is the
accelerationat that time. What is the distancetraveledby the object during
sometime interval, say from time t; to t,?
The distance is the integral of the velocity,
Z,,

D= v(t)dt: (13-31)

ty

The reasonis becausev is the distance per unit time, sothat vdt is the dis-
tancetraveledduring the elemenal time interval dt. Adding all the elemenal
distances,i.e., integrating the velocity, givesthe total distancetraveled. We
could make the explanation more rigorous by describing a Riemann sum:
Subdivide the interval [t1;t2] into small elemerts  t, and write

X
D v(t) t; (13-32)
k=1
the sum approximates D becausev(ty) t approximatesthe distancetraveled
during t. In thelimit t! O, the approximation becomeseex%?\}. But the
limit of the Riemann sum s, by de nition, just the integral (TI3-

Positiv e or negativ e displacemen ts

Suppose the velocity v(t) is negative, v = dx=dt < 0. Negative velocity
meansthaé the object M is movin :Itr%vard smaller values of the coordinate
X. Then vdt is negative, and (IL3-3T) would give a negative distance. A
better terminology is to call D the displae@ment, which is positive if the
object movesto a larger coordinate, or negative if the object movesto a
smaller coordinate. Then the distance is de ned as the absolute value of D
(which must be positive).5

Example 5. What is the distancetraveledfrom time t = Oto time t = T if
Vv is constant?

R ;intC
' Cdt = C(t, t1) by the generalresult (E%Ifnmaf

t1
5We name the object M for “moving.'
SFor motion in three dimensions, displacement is a vector D and distance is the scalar
jDj (the length of the vector) which must be positive.

Solution. We know that
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Thus, for constart velocity vp fromt; = 0tot, = T,
D = voT: (13-33)
The result is just velocity  time, familiar from grade school.

Example 6. What is the distancetraveledfrom time t = Oto time t = T if
there is constart acceleration?

Solution. The velocity, for constart accelerationaéi:s grgﬁg = vp + at where
Vo is the initial velocity. Using the generalformula (T3-24),the displacemen
is
Zy
D= (Vo + at)dt = voT + ZaT?2 (13-34)
0

This formula was usedin Chap.9 for motion with constart acceleration.

Example 7. What is the distance traveleﬁ f_rorp time t=0totimet=TIf
ig:halfcycle

the velocity is v(t) = Usin( t=T)? Figure 77 shows a graph of v versust.

Solutiop._ The distancetraveledis the integral, i.e., the areaunder the curve
. . [fg:halfcycle
in Fig. 7?7,
D= U sin —dt: (13-35)
0 T
We will learn to calculate this integral in Chapter 15. The result is D =
2UT= .

ExauP'J;(lI Eé’%rM& Consider the velocity function v(t) whosegraph is shown in
Fig.[??. The object M is located at the origin at time t = 0. Is the coordinate
positive or negativeat t = tgn ?

Solution. The \area undﬁr the curve" from t = Oto tgn is clearly negative.
This areais the integral vdt, i.e., the displacemen. The displacemen is
negative, sothe nal coordinate is negative. The net change of position dur-
ing the time interval from 0 to tgn is to the left (with positive displacemen
de ned to be to the right).

Summary The three basic functions of kinematics’ are x(t), v(t), and
a(t)|p osition, velocity, and acceleration. Recall from Chapter 9 the di er-

“Kinematics is the analysis of motion.
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ertial equationsobeyed by thesefunctions,

dx dv
i v(t) and pr a(t):

We may now add an integral equation,
z t
x(t) = xo+  v(tHdt’
0

;intv
becauseby (E%%I}the integral of v(t%9 from t°= 0to t°= t is the displace-
ment during the time interval [0;t]. Similarly, relating v and a,
z t
v(t) = vo+  a(tHdt®
0

The connectionbetweenthe di eren ti@{ equation and the corresponding inte-
gral equation (e.g.,visdx=dtandx is vdt) is an exampleof the fundamental
theorem of calculugthe subject of Chapter 14.
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13.5 SUMMARY
Two basic mathematical ideasare contained in this chapter.

The de nition of the integral is

Z b )(\]
f(x)dx = lim f(xx) Xx (13-36)
a x! 0k=1
where f Xg; X1;X2; :::; Xn g IS the subdivision of [a;b] into N segmers (ele-
ments) of length x. The right-hand sideis called the Riemann sum.

Zy
The integral f (x)dx is equalto the area under the curve in a graph

of f (x). More precigelyit is the areaof the region bounded by the curve, the
X axis, and the linesx = aand x = h.
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