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Abstract
Issuegelatedto theanalysisof uncertaintie®f partondistribution func-
tionsarediscussedfocusingon the methodsusedin the CTEQ global
analysis.

1. INTRODUCTION

High-enegy particlesinteractthroughtheir quarkandgluonconstituents-the partons.By the
asymptot freedomof QCD, the partoncrosssectionsmay be approximatedy perturbation
theory Thenby thefactorizationtheoremof QCD, the partondistribution functionsof hadrons
arethe link betweenperturbatve QCD and experimenal measurementsThis theoryapplies
to avariety of high-enegy processedncluding deep-inelastiteptonscatteringrom nucleons
(DIS), Drell-Yanproductionof uz pairsin nucleon-nucleowollisions (DY), andproductionof
high-pr jetsatpp or pp colliders.

The partondistribution functions(PDFs)areimportantin high-enegy physcs. Any scat-
tering experimentwith nucleonsn the initial statewill requirePDFsfor the analysisandin-
terpretationof the experiment. Currently the HERA acceleratoexperimens measuresp and
ep scatteringithe Tevatroncollider creategp collisions Testsof the standardnodelandthe
searchor new phystcsrely on PDF phenomenolgy.

QCD global analysishasseveral goals: to constructan accuratesetof PDFs;to know
the uncertaintiesof the PDFs,which comefrom experimentalmeasuremengrrorsand from
theoreticalapproximations and to enablepredictions,with realistic uncertaintiesfor future
experiments

Thefull, systematistudyof PDFuncertaintieslevelopedslowly [1, 2]. Thefirst practical
partondistributions with full error bandswere producedby Botje [3] usingDIS data. Today
mary groupsandindividualsareinvolved in this active field of researchBoththe CTEQgroup
[4] andthe MRST group[5] have provided completeuncertaintyanalysesof their PDFs;the
PDFsfrom thesegroupsare widely usedin high-enegy phystcs. The HERA collaborations,
ZEUS[6] andH1 [7], have constructed®DF modelsbasedon their own data,including error
bands.Otherindividualshave madeimportantcontribtutions[8, 9]; andthe Fermilabgroup[10]
hasdevelopeda nev methodobgy for PDFsby Monte Carlo samplingin the partonfunction
space.

Thispapermwill discusseveralissuesfocusingontheCTEQmethodsandresults.Section
2 describeghe CTEQ input. Section3 concernghetreatmenif systemat errors. Section4
discusseshe compatibilty of differentdatasetswithin a globalfit to data. Section5 explains
the CTEQuncertaintyanalysis.

2. GLOBAL ANALYSISOF QCD

The aim of globalanalysisof short-distancerocessesisingperturbatve QCD is to construct
a setof PDFsthatyield good agreementith datafrom mary disparateexperiments The



CTEQ6
process  dataset CorrMat| N x* x?/N
1 1w DIS BCDMSF2p Y 339 378 1.11
2 1w DIS BCDMSF2d Y 251 280 1.11
3 e DIS H1(a) Y 104 98.6 0.95
4 e DIS H1 (b) Y 126 129 1.02
5 e DIS ZEUS Y 229 263 1.15
6 i DIS NMC F2p Y 201 305 1.52
7 u DIS NMC d/p Y 123 112 0.91
8 pp— jet DO Y 90 69 0.77
9 pp—jet CDF Y 33 49 1.47
10 v(7)DIS CCFRF2+F3 Y/N |156 150 0.96
11 Drell-Yan E605 N 119 95 0.80
12 Drell-Yan E866d/p N 15 6 040
13 pp— W  CDF(Lasy) N 11 10 0.91

Tablel: Expeimentaldatasetsusedin the CTEQ6M globd analysis[12]. CorrMat: availability of information
oncorrelationsof systemati@rras. N is thenumkler of datapoints. Referemesfor the experimentamaybefound
in Ref.[12].

programof globalanalysigs notaroutinestatisticalcalculation pecaus®f systenatic errors—
both experimentaland theoretical. Thereforewe must sometines use physicsjudgementin
producingthe PDF model,asanaid to the objectie fitting procedures.

A partondistributionfunction f;(z, @) (wherei labelsthepartonspeciesfiepend®ntwo
variables:the momentunfractionz carriedby the partonandthe momentumscale() atwhich
the nucleonis obsered. Heuristically f;(z, Q) is the densityof partonspecies per unit of
momentun fraction. The PDFsareparametrizet alow momentun scale@,, of order1 GeV,
by a standardunctionalform with adjustabé parametersa,, a1, as, . . .)

f(z, Qo) = apz™ (1 — x)*” P(x); (1)

hereP(x) is asmooh functionwith a few additionalfree parametersSeparatéunctionsexist
for eachpartonspeciessothatthetotal numter d of adjustablgparameterss of order20. The
@ dependencef f(z, Q) is determinedby the QCD evolution equationg11], dependingon
the renormalizatiorandfactorizationschemedor the perturbatve calculationof partoncross
sections. The mostwidely usedCTEQ partondistributions are basedon next-leadingorder
(NLO) perturbatiortheoryin the modifiedminimal subtractiorrenormalizatiorscheme.

Table 1 lists the experimentsusedin the CTEQ6 global analysis—the mostrecentgen-
erationof CTEQ partondistributions[12]. Thirteendatasetsare emplo/ed, andthe number
N of datapointsin a setrangesfrom scoresto hundreds.The total numberof datapointsis
~ 1800. Thesedatacomefrom major experimentsof the pastten years. The CTEQ6 PDFs
agreesatishctorily with all the experimentsfrom the factthateachy?/N is nearl andfrom
moredetailedcomparisons.



3. TREATMENT OF EXPERIMENTAL SYSTEMATIC ERRORS

Whatis a systemats error? Supposdwo experimentalgroupsmeasurehe samequantity but
one hasa posiive systematicerror andthe othernegative. The measurementwill not agree
within the statisticalerrors,and no theory could agreewith both experiments. If the groups
are aware of the possibleerrorsthenthe measurementwill in fact be consistentwithin the
publisteduncertaintiesncludingsystenatics. But if theerrorsarenotaccuratelycharacterized,
anincompatbility will appearrecognizedasa systemat differenceof theresults.

The situation describedn the previous paragraphs analogougo whatoften happensn
globalanalysisof PDFs. But in the caseof PDFs,the systematiaifferencesare only visible
throughtheproces®f globalanalysis.Thedisparatexperimens maymeasuralifferentenegy
domains,or altogetherifferentscatteringporocessesthe resultscannotbe comparedirectly.
Only throughthe combineditting of PDFsarethe systemat differencegevealed.

For a global analysis,a crucial featureof the systematicerrorsis that they are highly
correlated Thereforewe constructhe PDFsusinga procedureof x? minimizationwith fitting
of systematierrors.Firstconsideranexperimentwith statigical errorsalone;we would define

(D; — T')g D, : datavalugi =1...N)
=3 =Y T, : theoreticavalue (2)
i=1 i o; . statistcal error (S.D.of D;)

ThetheoryvalueT; is afunctionof d adjustabé parametergay, . .., aq} = a. Thenminimza-
tion of x* with respecto the {a,,} would give the optimal PDF model{a,}. This procedure
would beidealif thedatavalue D; is Ty; + o;r; wherer; is arandomGaussiarfluctuationwith
(r7) =1.

Normalization error. In ary scatteringexperimentthereis an overall normalizationuncer
tainty from the luminosity. To take this possble errorinto accountwe introducea normaliza-
tion factor fx anddefineanew x? function,

B 2 N T 2
x’(a, fx) = <ﬂ> +ZM; (3)

ON i=1 o;

whereoy is the publishednormalizationuncertainty Minimization of x? with respecto both
themodelparameterga, } andthe normalizaton factor fy yieldsanoptimized model,within
the normalizationuncertainty Ratherthanfitting 7; to D;, wefit it to fxD;. Thechoiceof fy
is alsooptimized by the minimizationof x2. The penaltytermin (3) ensureghat fx will not
deviatetoo muchfrom 1.

An overall normalizatian error of theoreticalorigin, suchasa K-factorfrom high-order
QCD correctionswould be indistinguishabldrom a luminosty error. Thusthe correctionfor

systemat errorsmay involve both experimental and theoreticalerrors, and thesewould be
entwined.

General systematic errors. High-precisionexperimentspublish many systemat errors. In
generalthedifferencebetweerdataandtheorywill be

K
D; = Toi + ayri + Y BijTy, (4)

Jj=1



whereq; is the uncorrelatecerrorof D; and{f;;,j = 1... K} is asetof K systemat (and
100% correlated)errors. The {r;} and{7;} denoterandomfluctuations To accountfor the
systemat errors,we introducea systematicshift s; for eachsourceof erroranddefinea new
x? function,
N (Di_Z'ﬁijsj_Ti)2 K
X*(as) =3 — + s (5)

i=1 @i j=1

Minimization of x'? with respectto both the functional parameterga,} andthe systemat
shifts {s,} determineshe optimalmodel. Thetheoryis notfit to the centralvaluesof the pub-
lisheddata,but to valuesthat are shiftedby amountsconsistentvith the publishedsystemat
errors(3;;s;). Thefitting procedureproducesa compatiblemodelwithin the systemat errors.

Becausey? dependsjuadraticallyon the {s,} we cansolve for the optimized shiftsan-
alytically, s — sp(a). Thusthe systematicshifts are continualy optimzed aswe vary the
functionalparameterga, } in seekingheoptimal PDFs.

The procedureoutlinedabove accountdor the statistcal errors(by weightingwith o %),
the overall normalizationuncertainty(by numericalfitting of fy), andthe other systemat
errors(analytically).

Finally, theglobal x? function is the sumof the x? over all the experiments:. We might
alsoapplyweightingfactors{w. } whencombinirg theexperimens, with defaultvaluesw, = 1.
The spirit of globalanalysisis compromig—thePDF modelshouldfit all datasetssatisficto-
rily. If a modelhaspoor agreementvith somedata, we may constructanothermodelwith
betteragreemenby giving thatdataan enhancedveightin the global x2. The secondit may
bejudgedto be preferableasa standardit to theglobaldata,eventhoughit is notthebestfit to
otherexperiments.In makinga subjectve decisionlik e this, physicsjudgenententersinto the
calculation.

The quality of the final CTEQ6PDFscanto someextentbe gaugedby the x? valuesin
Tablel1. But justlooking at a single numberfor a datasetdoesnot do justiceto the theory
More detailedcomparisos, e.g., by plotting dataand theory superimsedor by the “pull”
distributions, revealthe beautifulsucces®f QCD. [12]

4. A STUDY OF COMPATIBILITY

Becausewe seekto constructPDFsthat agreewith mary disparateexperimens, so that the
functionscontainthe bestavailableinformatian on all aspect®f the partonstructuresimultane-
ously, animportantissueis whetherthe datafrom differentexperimentsarein agreementvith
eachother If two datasetsdo notagreewith oneanotherthenno theoreticaimodelcanagree
with both. The philosophy of the CTEQ programis to usehigh-precision datafrom all rele-
vantexperiments.We expectto obsene minor incompatbilities betweerexperimentsecause
of systemat errors. ThenpracticalPDF modelswill requirecompronisesamongthe differ-
entexperimens. However, we shouldnot encountetrue inconsistencieg,e., which cannotbe
reconciledby areasonablenodel.

Several method have beenusedto judgethe compatillity of differentdatasets. One
methodis to study alternatefits that resultfrom changingthe weightsof the datasetsin the
globaly? function. Oneexampleis shavn in Table2. The datasetsandPDFsin this studyare
notidenticalto CTEQ6but arequite similar. The PDF model A is the standardset—forwhich
all datasetshave the default weightw, = 1 in thefitting. The PDFmodel B is analternaten



which the threeH1 datasetsandtwo BCDMS datasetsare given a large extra weight! The
final columnAx? givesthedifferencein x? for eachexperimentbetweermodelsB and A. By
heavily weightingH1 andBCDMS, their x*'s have decreasedignificantly by —38.8 units(out
of ~ 970). But onthe otherhandthe x?’s of otherexperimens have increasedignificantly by
+149.7 (out of ~ 1390). For example,while theagreemenivith H1 dataimproved, the quality
of thefit to ZEUS datagot worse. Theresultis thatthe modelin bestagreementith H1 and
BCDMS datawill not agreesatisfctorily with other experiments The changein x? canbe
ratherlarge. Thereis a minorincompatillity .

Giving extra weightto oneor a few experimentsis equialent to usingthat dataalone
to constructthe PDFs. An experimentalcollaboratim that usesonly its own datacan expect
to modelthat databetterthana generalsetof PDFsfrom a global analysis. However, their
resultingPDFswill notdescribehe mary otherdataaswell.

Theinverseof giving extraweightto anexperimentis to give it lessweight,of which the
extremecaseis to give it weightO, i.e., simply to remove it from the global analysis. When
suchexercisesareperformedwe find for mostdatasetsthatthe x?'s of otherexperimentsmay
decreassignificantly by amountsof order10 unitsin somecasesyhile the x? for thedropped
dataincreasedy a similar amount.Again, the implicationis thatthe bestfit to the remaining
datamay not give a satishctoryfit to thedroppeddata.

Theseminor incompatillities suggesthat there are systemat errors, whetherof ex-
perimentalor theoreticalorigin, that prevent a purely statistcal analysisof the uncertainties.
Furthermorethe resultsshov thatreasonablé@DFsmay differ in global x? by amountsmuch
largerthant.

Otherclever waysto testthe compatibilty of differentdatasetshave beendevised. One
methodis to plot x? of the global dataversusy? of anindividual dataset, for alternatePDF
modelsgeneratedy the LagrangeMultiplier method[13]. Anotherapproachis to apply the
BootstrapMethod, i.e., to generatealternatve PDF modelsfrom resampleddatapoints. In
the latter method,it hasbeenfound thatto obtainsignificantchangesn the PDFs,one must
apply the resamplingprocedureto entire datasetsratherthanjust to individual uncorrelated
datapoints

5. UNCERTAINTY ANALYSIS

As partof the CTEQ globalanalysisa groupat Michigan StateUniversity hasdevelopedser-
eralcomputatbnal method for analyzingfully the uncertaintieof partondistributions[4]. In
thesecalculationsye continueto usey;,,.; asafigureof meritfor thequality of modelPDFs.
The methodsexplore x?,,.; in the neighborhoodf its minimum, asillustratedin Fig. 1(a).
The pointrepresentshe standardit, denotedS,, which correspondso the positionin param-
eterspacewherey? is minimum; andthe ellipse indicatesnearbypointsthatare alsodeemed
to be acceptabldits to the global dataset. The computaibnal problemis to explore the full
d-dimensonal neighborhod of S,. Whenthis problemhasbeensolved, we can assesshe
implicationsfor PDFuncertainties.

1in generatig thealternatePDFs,the overall normalizationfactorsf . werekeptfixedat their valuesfor the
standardset. All othersystematicshiftswereallowedto readjstto thenew PDFs.



dataset N | X*[A] x?[B] Ax?
1 |BCDMSp |339| 366.1 362.7 —-3.4
2 | BCDMSd |251|273.6 258.5 -15.1
3 | Hl(a) 104| 97.8 854 —124
4 | H1(b) 126 | 127.3 123.0 —-4.3
5 | H1(c) 129| 108.9 105.3 -—-3.6
6 | ZEUS 229 261.1 2885 +27.5
7 | CDHSWF2| 85 | 656 84.8 +19.2
8 | NMCp 201| 2955 303.5 +8.0
9 | NMCd/p 123 | 1154 1116 3.8
10 | CCFRF2 69 | 849 139.4 4545
11| EGO5 119| 94.7 96.7 +2.0
12 | E866pp 184 | 239.2 2429 +3.7
13 | E866d/p 15 | 5.00 5.6 +0.6
14 | DO jet 90 | 62.6 84.6 +22.0
15 | CDFjet 33| 56.1 551 -1.0
16 | CDHSWF3| 96 | 76.4 875 +11.0
17 | CCFRF3 87 | 27.0 32.7 +59
18 | CDFW 11 8.7 89 +40.2

Table2: Expeimentaldatasetsusedin compadibility studies.ThedatasetsandPDFsarenotidenticalto CTEQSG,
but quite similar. PDF setA: the standardset. PDF setB: PDFsobtaired by giving large extra weightto the H1
andBCDMS datasetsin thefitting process.
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TheHessian Method. TheHessiaris the matrix of secondlerivativesof y 2,

122
g -1 90X

D) 0a,0a, (6)

0

whereyu andv rangefrom 1 to d. Theclassicalerrorformulafor thedeviation of anobsenable
X (a) from its predictedvalueis

BX) = (M) X g (1), 5o

w Oa,

(7)

where Ax? is ary specifiedincreasen the valueof x? from the minimum. We obtainbetter
numericalcornvergenceby usingthe eigervectorsof the Hessiamasthe basisfor the parameter
space. To computethe variationsof X (a) alongthe eigervectordirections,we generatefor
eacheigervectorx, a pair of points—alongthe+ and— directionsof theeigervector—denoed
S(). Theseare displacedfrom the standardpoint S, by a distanceT = /Ax2. Thenthe
finite-differenceanalogof (7) is

(AX) = § 3 [x (519) - x (0] ®

which we call the “masterformula” for calculatingPDF uncertainties.The eigervectorbasis
sets{S(*)} have beenpublishedfor generaluseby high-enegy physics.

The Lagrange Multiplier method. The secondmethodis usedto analyzethe uncertainties
of PDF-dependentredictionsin away thatdoesnotrequirethelinearizederroranalysis.The
ideais to performa constrainedit, by minimizationof thefunctiony?(a) + AX (a) with respect
to variationsof the functionalparameterda, }, for afixedvalueof the Lagrangemultiplier .
The resultis the bestfit to datafor which the obsenable X hasthe value given by that fit.
As we vary the Lagrangemultiplier A\, we thustraceout the curve of x2 ., .. ., versusX.
The correspondingpointsin parametesspaceare treatedas alternatve modelsfor the parton
structure.

5.1 The question of tolerance

How shouldthe uncertaintyof PDFsbe assessed®nesimple,andtoo naive, ideais to usethe
increaseof x?2,,,; to definetheuncertainty Let X (a) be someguantityof interestthatdepends
on the PDFs. We have, by eitherthe Hessianor Lagrangemultiplier method,the curve of
Xélobal versusX, asillustratedn Fig. 1(b), for constrainedits over arangeof valuesof X. The
predictedvalueof X is X, thevaluefor the standardsetS,, for which x2 is minimum. Then
for ary toleratedncreasén 2, denoted‘tolerance” Ax? in Fig. 1(b), thereis a corresponding
allowedrangefor the quantiyy X. So,if we choosea canonicaincreasen x? for thetolerance,
theerroron X is directly computedas+A X,

For normal,i.e., Gaussianerrors,thetolerancewould be Ax? = 1. However, it is well-
known from experiencethat the changesn PDFsfor which the global x? increasesy 1 unit
arequitetrivial. For example,we have seenin Sectiond4 thatomitting or includinga particular
datasetin the global analysiscaneasilyinducechangesn the global xy? muchlargerthan1.
Neverthelesst is importantto understandhatthe Ay? = 1 criterionis appropriatefor normal
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statistcs,evenwith systenatic errors.Consideranexperimentto measur@anobsenable 8, with

N measurementf); } thatareassumedo have statistcal errors{c;} andacommonsystemat
error 3; thenwe write 6, = T + o;r; + S7 whereT is thetruevalueandr; and7 arerandom
fluctuations. The combinedmeasuremenis determinedoy minimization of x"2(#, s) in the
mannerdescribeckarlier

B ﬁs -0 6 : obsenable
“(6,5) = 12::1 TS s : systemat shift ©)
Thecombinedmeasuremertt, andits standardleviation Ag, arethen
)P ‘91'/0'2 1 2
f, = =-—"1L Af 10
AV and (868" = s + 6 (10)
It canbe shavn thattheincreasén ' for oneSD of 4, is
XI2 [06 + Aec: 50(00 + Aec] - XIQ [eca S0 (ec)] = 1; (11)

heres, () is the optimal systemat shift asa functionof 6.

ThecriterionAx? = 1 depend®ntheassumpbn thatthestatigical andsystemati@rrors
areknown. Supposehowever, thatthetrue statisical andsystematierrorsarerathers and 3
(independenof ). Thenthe SD of 6, becomegAd,)? = 32/N + j3%; andtheincreaseof x2
is (62 + NB?)/(02 + N?). For exampk, if the systematierrorwereomitted from thefitting
procedureof x" (i.e., 3 = 0) thentheincreasén x'? would belargefor large N.

Ratherthan basethe uncertaintyestimateon one single number—the global x? value,
which we alreadysuspechasnon-idealbehaior from the minor systemat differencesor in-
compatibiltiesbetweerdifferentdatasets—wego backto inspecthe x ' sof theindividualdata
sets.By theHessiaror LagrangeMultiplier methodwe generate seriesof alternatdits, which
differ by the value of the obserable X of interest. Theneachdatasetdefinesa “prediction”
(from thefit with lowestx?) anda“range” (from a specifiedincreaseof its x?). The estimagd
uncertaintyof X is theintersectiorof the allowedrangesrom the separatexperimens. This
procedurewhile it doesnot producea preciseconfidencdevel, doesgive a reasonablesti-
mateof the uncertaintyof the predictionattributableto PDFs,in the spirit of a 90% confidence
level. Solong asno datasetcanrule outavalueof X, areasonablesetof PDFswill exist that
describegheglobaldatasatisactorily with thatvalueof X.

Figure 2 illustratesour uncertaintyestimatedor two cases.Figure 2(a) shavs the 90%
confidencerangesfor the separatedatasets,of the crosssectionoy, for productionof a W
bosonat the Tevatron[4]; the dashedinesareour estimateduncertaintyrangeon oyy,. Figure
2(b)shavsthe Ax? = 1 rangedor thevaluesof thestrongcouplingas (M 7). Theshadedand
is the PDG world-averagedl-sigma range. The vertical lines are our estimateduncertainty
rangefrom globalanalysis.Theglobalfitting is nicely consistenwith the PDGvalue—andter
succes®f the standardnodel—hut we find thatthe uncertaintiesn globalanalysisarelarger
thanthoseof the experimentaktechniquesisedin the PDG determinatn of ag(Myz).

Returningto the questionof theincreaseof the global x?2, we find thatextremealternate
PDF sets,i.e., thatwould be judgedunacceptabl®y our studiestendto differ in 2 from the
minimum valueby anamountof order100 (for Ny, ~ 1800 for CTEQG6). Thereforewe have
adoptedAx? = 100 asa typical tolerancefor constructiig the eigervectorbasissets{S(*)}
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Fig. 2: (a) Allowedrangedor oy from separatelatasetsin a globalanalysis;theseare90% confidenceranges.
(b) Allowedrangedor a s(mz) from separatelatasetsitheseare Ay 2 = 1 ranges.

publisred for generalusein PDF applications. Obviously this increasein x? is very large
comparedo thenormall.?

All PDFresearchlgroupsmustconfronttheissueof “tolerance), anddifferentgroupshave
madedifferentjudgementsThe CTEQandMRST groups which employ datafrom mary pro-
cessesgxaminetheagreementvith separatelatasetsto estimatetheuncertainty Otherstudies,
basedon fewer processesapply the Gaussiarcriterion Ax? = 1 [9, 7]. Furtherunderstanding
of thisissuewill emegeasthe groupscompareheir physicalpredictions

6. CONCLUSION

Global analysisof QCD requiresmultivariatefitting to varied datawith both statistcal and
systemat errors.Naturallyany suchproblemis intricate.A routinestatistcal analysiswill not
solvetheproblem.

This review of CTEQ methodshasemphasizedhe experimentalerrors—hev measure-
menterrorspropagatdo predictionsthat dependon PDFs. Othersourcesof PDF uncertainty
exist, from theoreticanssumptins. TheMRST grouphasrecentlypublishedanextensie study
of theoreticauncertaintiegthe secondpaperin [5]). Thepaperidentifiesandanalyzegour cat-
egoriesof theoreticaluncertaintyand concludeghatthe theoreticaluncertaintyis aslarge as,
or perhapdarger than,the experimentaluncertainty In any casetheoreticalandexperimental
errorsareentwinedby thefitting procedurea theoryerror may be compensatetly correlated
datashiftswithin the publishedrangeof systematirrors.

BecausePDFsareimportantfor the interpretationof currentandfuture collider experi-
mentg14], improvedtheoreticakalculationsandmethodf uncertaintyanalysiswill nodoubt

2Whenvarying the PDFsto generatealternatefits, we keepthe normalizationfactorsfy . fixed. Thechange
of x? would be smallerif the { fx,.} wereallowedto readjist. For normal erra's the optimizedsystematicshifts
mustbeallowedto float whenthecriterionis Ay ? = 1.



bedeveloped, especiallyasdatawith ever higherprecisionbecomeavailable.
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