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Abstract
Issuesrelatedto theanalysisof uncertaintiesof partondistribution func-
tionsarediscussed,focusingon themethodsusedin theCTEQglobal
analysis.

1. INTRODUCTION

High-energy particlesinteractthroughtheir quarkandgluonconstituents—thepartons.By the
asymptotic freedomof QCD, the partoncrosssectionsmay be approximatedby perturbation
theory. Thenby thefactorizationtheoremof QCD,thepartondistribution functionsof hadrons
are the link betweenperturbative QCD andexperimental measurements.This theoryapplies
to a varietyof high-energy processes,includingdeep-inelasticleptonscatteringfrom nucleons
(DIS), Drell-Yanproductionof � � pairsin nucleon-nucleoncollisions(DY), andproductionof
high-��� jetsat ���� or ��� colliders.

Thepartondistribution functions(PDFs)areimportantin high-energy physics. Any scat-
tering experimentwith nucleonsin the initial statewill requirePDFsfor the analysisandin-
terpretationof theexperiment.Currently, the HERA acceleratorexperiments measure��� and��� scattering;the Tevatroncollider creates� � collisions. Testsof thestandardmodelandthe
searchfor new physicsrely onPDFphenomenology.

QCD global analysishasseveral goals: to constructan accuratesetof PDFs; to know
the uncertaintiesof the PDFs,which comefrom experimentalmeasurementerrorsand from
theoreticalapproximations; and to enablepredictions,with realistic uncertainties,for future
experiments.

Thefull, systematicstudyof PDFuncertaintiesdevelopedslowly [1, 2]. Thefirst practical
partondistributions with full error bandswereproducedby Botje [3] usingDIS data. Today
many groupsandindividualsareinvolved in thisactivefield of research.Both theCTEQgroup
[4] andthe MRST group[5] have provided completeuncertaintyanalysesof their PDFs;the
PDFsfrom thesegroupsarewidely usedin high-energy physics. The HERA collaborations,
ZEUS[6] andH1 [7], have constructedPDF modelsbasedon their own data,includingerror
bands.Otherindividualshavemadeimportantcontributions[8, 9]; andtheFermilabgroup[10]
hasdevelopeda new methodology for PDFsby Monte Carlo samplingin the partonfunction
space.

Thispaperwill discussseveralissues,focusingontheCTEQmethodsandresults.Section
2 describestheCTEQinput. Section3 concernsthetreatmentof systematic errors.Section4
discussesthecompatibility of differentdatasetswithin a globalfit to data.Section5 explains
theCTEQuncertaintyanalysis.

2. GLOBAL ANALYSIS OF QCD

Theaim of globalanalysisof short-distanceprocessesusingperturbative QCD is to construct
a set of PDFsthat yield good agreementwith datafrom many disparateexperiments. The



CTEQ6
process dataset CorrMat 	 
�� 
���
�	

1 � DIS BCDMS F2p Y 339 378 1.11
2 � DIS BCDMS F2d Y 251 280 1.11
3 � DIS H1 (a) Y 104 98.6 0.95
4 � DIS H1 (b) Y 126 129 1.02
5 � DIS ZEUS Y 229 263 1.15
6 � DIS NMC F2p Y 201 305 1.52
7 � DIS NMC d/p Y 123 112 0.91
8 � ��� jet D0 Y 90 69 0.77
9 � ��� jet CDF Y 33 49 1.47

10 ��� ��� DIS CCFR F2 + F3 Y/N 156 150 0.96
11 Drell-Yan E605 N 119 95 0.80
12 Drell-Yan E866d/p N 15 6 0.40
13 � ��� � CDF (Lasy) N 11 10 0.91

Table1: Experimentaldatasetsusedin theCTEQ6Mglobal analysis[12]. CorrMat: availability of information

oncorrelationsof systematicerrors. � is thenumberof datapoints.Referencesfor theexperimentsmaybefound

in Ref. [12].

programof globalanalysisis notaroutinestatisticalcalculation,becauseof systematicerrors—
both experimentaland theoretical. Thereforewe mustsometimes usephysicsjudgementin
producingthePDFmodel,asanaid to theobjectivefitting procedures.

A partondistributionfunction �������� "!#� (where$ labelsthepartonspecies)dependsontwo
variables:themomentumfraction � carriedby thepartonandthemomentumscale! at which
the nucleonis observed. Heuristically, �%�&���� '!(� is the densityof partonspecies$ per unit of
momentum fraction.ThePDFsareparametrizedat a low momentum scale!*) , of order + GeV,
by astandardfunctionalform with adjustable parameters�-,�). ",0/� ", �  21�1213��4���� '!5)6�879,�)'�;:"<=�>+@?A�B�&:�C'DE���B��F (1)

here D��G�B� is a smooth functionwith a few additionalfreeparameters.Separatefunctionsexist
for eachpartonspecies,sothatthetotal number H of adjustableparametersis of order20. The! dependenceof �4���� '!(� is determinedby the QCD evolution equations[11], dependingon
the renormalizationandfactorizationschemesfor the perturbative calculationof partoncross
sections. The most widely usedCTEQ partondistributionsare basedon next-leadingorder
(NLO) perturbationtheoryin themodifiedminimal subtractionrenormalizationscheme.

Table1 lists the experimentsusedin the CTEQ6global analysis—the mostrecentgen-
erationof CTEQ partondistributions [12]. Thirteendatasetsareemployed, andthe number	 of datapointsin a setrangesfrom scoresto hundreds.The total numberof datapointsisI +.J�K%K . Thesedatacomefrom major experimentsof the pastten years. The CTEQ6PDFs
agreesatisfactorily with all theexperiments,from the fact thateach 
 � 
�	 is near + andfrom
moredetailedcomparisons.
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3. TREATMENT OF EXPERIMENTAL SYSTEMATIC ERRORS

What is a systematic error? Supposetwo experimentalgroupsmeasurethesamequantity, but
onehasa positive systematicerror andthe othernegative. The measurementswill not agree
within the statisticalerrors,andno theorycould agreewith both experiments. If the groups
are aware of the possibleerrorsthen the measurementswill in fact be consistentwithin the
publisheduncertaintiesincludingsystematics.But if theerrorsarenotaccuratelycharacterized,
anincompatibility will appear, recognizedasasystematic differenceof theresults.

Thesituation describedin theprevious paragraphis analogousto whatoftenhappensin
globalanalysisof PDFs. But in the caseof PDFs,the systematicdifferencesareonly visible
throughtheprocessof globalanalysis.Thedisparateexperimentsmaymeasuredifferentenergy
domains,or altogetherdifferentscatteringprocesses;the resultscannotbecompareddirectly.
Only throughthecombinedfitting of PDFsarethesystematic differencesrevealed.

For a global analysis,a crucial featureof the systematicerrorsis that they are highly
correlated.Thereforewe constructthePDFsusinga procedureof 
�� minimizationwith fitting
of systematicerrors.First consideranexperimentwith statistical errorsalone;wewoulddefine


 � 7 LM�ONB/ �QPR�;?AST��� �U �� VWX WY PR� : datavalue�-$Z7[+\12121�	]�ST� : theoreticalvalueU � : statistical error(S.D.of P^� ) (2)

Thetheoryvalue S_� is a functionof H adjustable parameters̀a,;/6 2121�1= ",�b.c#dfe . Thenminimza-
tion of 
 � with respectto the `a,hgic would give theoptimalPDFmodel `a,0)jgkc . This procedure
wouldbeidealif thedatavalue Pl� is S_)j�km U �on=� wheren=� is a randomGaussianfluctuationwithp na��2q 7r+�1
Normalization error. In any scatteringexperimentthereis an overall normalizationuncer-
tainty from theluminosity. To take this possible error into account,we introducea normaliza-
tion factor �ts anddefineanew 
 � function,
 � �-e� "�asu�87wv +x?y�zsU s { � m LM�ONB/ �|�zs_PR�;?AST��� �U ��  (3)

where U s is thepublishednormalizationuncertainty. Minimizationof 
 � with respectto both
themodelparameters̀a,�gkc andthenormalization factor �%s yieldsanoptimizedmodel,within
thenormalizationuncertainty. Ratherthanfitting S�� to PR� , we fit it to �tsBPR� . Thechoiceof �zs
is alsooptimizedby the minimizationof 
 � . The penaltyterm in (3) ensuresthat ��s will not
deviatetoomuchfrom + .

An overall normalization error of theoreticalorigin, suchasa K-factorfrom high-order
QCD corrections,would be indistinguishablefrom a luminosity error. Thusthecorrectionfor
systematic errorsmay involve both experimental and theoreticalerrors,and thesewould be
entwined.

General systematic errors. High-precisionexperimentspublish many systematic errors. In
general,thedifferencebetweendataandtheorywill beP*�_7}S_)j�0m�~u�on=�im �M� NB/%� � ���n �  (4)
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where ~u� is theuncorrelatederror of P*� and ` � � �  ���7�+\12121���c is a setof � systematic (and
100%correlated)errors. The `zn��Qc and ` �n � c denoterandomfluctuations. To accountfor the
systematic errors,we introducea systematicshift � � for eachsourceof erroranddefinea new
 � function, 
u� � ��e� "�.�\7 LM �ONB/�� PR�;?�� � � � � � � ?AST�o� �~ �� m �M� NB/ � �� 1 (5)

Minimization of 
 � � with respectto both the functionalparameters̀a,igic and the systematic
shifts `t� � c determinestheoptimalmodel.Thetheoryis not fit to thecentralvaluesof thepub-
lisheddata,but to valuesthatareshiftedby amountsconsistentwith thepublishedsystematic
errors( � � � � � ). Thefitting procedureproducesacompatiblemodelwithin thesystematic errors.

Because
 � � dependsquadraticallyon the `t� � c we cansolve for theoptimizedshiftsan-
alytically, ��� �2)z��e;� . Thus the systematicshifts are continually optimized as we vary the
functionalparameters̀a,�gkc in seekingtheoptimal PDFs.

Theprocedureoutlinedaboveaccountsfor thestatistical errors(by weightingwith ~@� �� ),
the overall normalizationuncertainty(by numericalfitting of �hs ), and the other systematic
errors(analytically).

Finally, theglobal 
 � function is thesumof the 
 � �� overall theexperiments� . We might
alsoapplyweightingfactors̀z� � c whencombining theexperiments,with defaultvalues� � 7r+ .
Thespirit of globalanalysisis compromise—thePDFmodelshouldfit all datasetssatisfacto-
rily. If a modelhaspoor agreementwith somedata,we may constructanothermodelwith
betteragreementby giving thatdataanenhancedweight in theglobal 
 � . Thesecondfit may
bejudgedto bepreferableasastandardfit to theglobaldata,eventhoughit is not thebestfit to
otherexperiments.In makinga subjectivedecisionlike this,physicsjudgemententersinto the
calculation.

Thequality of thefinal CTEQ6PDFscanto someextentbegaugedby the 
 � valuesin
Table1. But just looking at a singlenumberfor a datasetdoesnot do justiceto the theory.
More detailedcomparisons, e.g., by plotting dataand theorysuperimposedor by the “pull”
distributions,revealthebeautifulsuccessof QCD.[12]

4. A STUDY OF COMPATIBILITY

Becausewe seekto constructPDFsthat agreewith many disparateexperiments, so that the
functionscontainthebestavailableinformation onall aspectsof thepartonstructuresimultane-
ously, animportantissueis whetherthedatafrom differentexperimentsarein agreementwith
eachother. If two datasetsdo not agreewith oneanother, thenno theoreticalmodelcanagree
with both. The philosophy of the CTEQ programis to usehigh-precision datafrom all rele-
vantexperiments.We expectto observe minor incompatibilities betweenexperimentsbecause
of systematic errors. ThenpracticalPDF modelswill requirecompromisesamongthe differ-
entexperiments. However, we shouldnot encountertrueinconsistencies,i.e.,which cannotbe
reconciledby a reasonablemodel.

Several methods have beenusedto judgethe compatibility of differentdatasets. One
methodis to studyalternatefits that result from changingthe weightsof the datasetsin the
global 
 � function.Oneexampleis shown in Table2. ThedatasetsandPDFsin this studyare
not identicalto CTEQ6but arequitesimilar. ThePDFmodel � is thestandardset—forwhich
all datasetshave thedefault weight � � 7�+ in thefitting. ThePDFmodel � is analternatein
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which the threeH1 datasetsandtwo BCDMS datasetsaregiven a large extra weight.1 The
final column �^
 � givesthedifferencein 
 � for eachexperiment,betweenmodels� and � . By
heavily weightingH1 andBCDMS,their 
 � ’shavedecreasedsignificantly, by ?��%J01�J units(out
of I���� K ). But on theotherhandthe 
 � ’s of otherexperiments have increasedsignificantly, bymR+2� � 1 � (outof I +.� � K ). For example,while theagreementwith H1 dataimproved, thequality
of thefit to ZEUSdatagot worse.Theresultis that themodelin bestagreementwith H1 and
BCDMS datawill not agreesatisfactorily with otherexperiments. The changein 
 � canbe
ratherlarge.Thereis aminor incompatibility .

Giving extra weight to oneor a few experimentsis equivalent to usingthat dataalone
to constructthe PDFs. An experimentalcollaboration that usesonly its own datacanexpect
to model that databetterthana generalsetof PDFsfrom a global analysis. However, their
resultingPDFswill notdescribethemany otherdataaswell.

Theinverseof giving extra weightto anexperimentis to give it lessweight,of which the
extremecaseis to give it weight 0, i.e., simply to remove it from the global analysis.When
suchexercisesareperformed,wefind for mostdatasetsthatthe 
 � ’sof otherexperimentsmay
decreasesignificantly, by amountsof order10unitsin somecases,while the 
 � for thedropped
dataincreasesby a similar amount.Again, the implication is that thebestfit to theremaining
datamaynotgiveasatisfactoryfit to thedroppeddata.

Theseminor incompatibilities suggestthat thereare systematic errors,whetherof ex-
perimentalor theoreticalorigin, that prevent a purely statistical analysisof the uncertainties.
Furthermore,theresultsshow thatreasonablePDFsmaydiffer in global 
 � by amountsmuch
largerthan + .

Otherclever waysto testthecompatibility of differentdatasetshave beendevised. One
methodis to plot 
 � of the global dataversus
 � of an individual dataset,for alternatePDF
modelsgeneratedby the LagrangeMultiplier method[13]. Anotherapproachis to apply the
BootstrapMethod, i.e., to generatealternative PDF modelsfrom resampleddatapoints. In
the latter method,it hasbeenfound that to obtainsignificantchangesin the PDFs,onemust
apply the resamplingprocedureto entiredatasetsratherthan just to individual uncorrelated
datapoints.

5. UNCERTAINTY ANALYSIS

As partof theCTEQglobalanalysis,a groupat MichiganStateUniversity hasdevelopedsev-
eralcomputationalmethods for analyzingfully theuncertaintiesof partondistributions[4]. In
thesecalculations,wecontinueto use
���� ¢¡�£"¤j  asafigureof merit for thequalityof modelPDFs.
The methodsexplore 
 ��� ¢¡�£"¤j  in the neighborhoodof its minimum, as illustratedin Fig. 1(a).
Thepoint representsthestandardfit, denoted¥¦) , which correspondsto thepositionin param-
eterspacewhere 
 � is minimum; andtheellipse indicatesnearbypointsthatarealsodeemed
to be acceptablefits to the global dataset. The computational problemis to explore the fullH -dimensional neighborhood of ¥¦) . When this problemhasbeensolved, we can assessthe
implicationsfor PDFuncertainties.

1In generating thealternatePDFs,theoverall normalizationfactors§�¨0© ª werekeptfixedat their valuesfor the
standardset.All othersystematicshiftswereallowedto readjust to thenew PDFs.
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dataset 	 
 �z« �­¬ 
 �a« �5¬ �*
 �
1 BCDMS p 339 366.1 362.7 ?��i13�
2 BCDMS d 251 273.6 258.5 ?5+z®i1¯+
3 H1 (a) 104 97.8 85.4 ?5+z°i1±�
4 H1 (b) 126 127.3 123.0 ?­��13�
5 H1 (c) 129 108.9 105.3 ?­�013²
6 ZEUS 229 261.1 288.5 m³° � 1�®
7 CDHSWF2 85 65.6 84.8 mR+ � 1�°
8 NMC p 201 295.5 303.5 m´J013K
9 NMC d/p 123 115.4 111.6 ?­�013J
10 CCFRF2 69 84.9 139.4 m³®t�01µ®
11 E605 119 94.7 96.7 m³°i1�K
12 E866pp 184 239.2 242.9 m³�i1 �
13 E866d/p 15 5.00 5.6 m´K013²
14 D0 jet 90 62.6 84.6 m³°�°i13K
15 CDF jet 33 56.1 55.1 ?#+�13K
16 CDHSWF3 96 76.4 87.5 mR+�+%1�K
17 CCFRF3 87 27.0 32.7 m³®i1 �
18 CDF W 11 8.7 8.9 m´K01�°

Table2: Experimentaldatasetsusedin compatibility studies.ThedatasetsandPDFsarenot identicalto CTEQ6,

but quitesimilar. PDFsetA: thestandardset. PDFsetB: PDFsobtainedby giving largeextra weight to theH1

andBCDMS datasetsin thefitting process.

a1

a2 ¶ 2
global

¶ 2
min

¶ 2
min ·A¸ ¶ 2

X
X0

tolerance

allowedrange

Fig. 1: (a)Theneighborhoodof theminimum of ¹4º in parameterspace.(b) Toleranceandallowedrange.
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The Hessian Method. TheHessianis thematrixof secondderivativesof 
 � ,» g�¼­7 +°¾½ � 
 �½ ,�g ½ ,h¼Z¿¿¿¿¿ ) (6)

where� and � rangefrom + to H . Theclassicalerrorformulafor thedeviationof anobservableÀ ��e;� from its predictedvalueis�Q� À � � 7 � �^
 � � M gzÁ ¼ ½
À
½ ,�g � » � / � g=¼ ½

À
½ ,�¼ (7)

where �*
 � is any specifiedincreasein the valueof 
 � from the minimum. We obtainbetter
numericalconvergenceby usingtheeigenvectorsof theHessianasthebasisfor theparameter
space.To computethe variationsof

À ��e;� alongthe eigenvectordirections,we generate,for
eacheigenvector Â , apairof points—alongthe m and ? directionsof theeigenvector—denoted¥ÄÃÆÅ�ÇÈ . Thesearedisplacedfrom the standardpoint ¥�) by a distanceSÉ7 Ê �*
 � . Then the
finite-differenceanalogof (7) is

�Q� À � � 7 +� bMÈ NB/ZË À � ¥ ÃÆÌ�ÇÈ �5? À � ¥ Ã � ÇÈ �%Í � (8)

which we call the “masterformula” for calculatingPDF uncertainties.The eigenvectorbasis
sets̀t¥ÎÃµÅ�ÇÈ c havebeenpublishedfor generaluseby high-energy physics.

The Lagrange Multiplier method. Thesecondmethodis usedto analyzetheuncertainties
of PDF-dependentpredictions, in a way thatdoesnot requirethelinearizederroranalysis.The
ideais to performaconstrainedfit, by minimizationof thefunction 
 � ��e;��mÐÏ À �-e;� with respect
to variationsof thefunctionalparameters̀a,kgic , for a fixedvalueof theLagrangemultiplier Ï .
The result is the bestfit to datafor which the observable

À
hasthe valuegiven by that fit.

As we vary the Lagrangemultiplier Ï , we thus traceout the curve of 
 �Ñ ¡�Ò�ÓÕÔÕÖo¤j×¢Ò'Ø�Ù versus
À

.
The correspondingpointsin parameterspaceare treatedasalternative modelsfor the parton
structure.

5.1 The question of tolerance

How shouldtheuncertaintyof PDFsbeassessed?Onesimple,andtoonaive, ideais to usethe
increaseof 
 ��� ¢¡�£"¤j  to definetheuncertainty. Let

À �Q,k� besomequantityof interestthatdepends
on the PDFs. We have, by either the Hessianor Lagrangemultiplier method,the curve of
 ��� ¢¡�£"¤j  versus

À
, asillustratedin Fig.1(b), for constrainedfits over a rangeof valuesof

À
. The

predictedvalueof
À

is
À ) , thevaluefor thestandardset ¥u) , for which 
 � is minimum. Then

for any toleratedincreasein 
 � , denoted“tolerance” �*
 � in Fig. 1(b), thereis a corresponding
allowedrangefor thequantity

À
. So,if wechooseacanonicalincreasein 
 � for thetolerance,

theerroron
À

is directlycomputedas Ú5� À .

For normal,i.e., Gaussian,errors,thetolerancewould be �*
 � 7Û+ . However, it is well-
known from experiencethat thechangesin PDFsfor which theglobal 
 � increasesby 1 unit
arequitetrivial. For example,we have seenin Section4 thatomitting or includinga particular
datasetin theglobal analysiscaneasilyinducechangesin the global 
\� muchlarger than1.
Neverthelessit is importantto understandthatthe �*
 � 7Û+ criterionis appropriatefor normal

7



statistics,evenwith systematicerrors.Consideranexperimentto measureanobservable Ü , with	 measurements`aÜ2�jc thatareassumedto havestatisticalerrors ` U �|c andacommonsystematic
error � ; thenwe write Ü���7ÝSÞm U �ßn��Tm ��àn where S is the truevalueand n2� and àn arerandom
fluctuations. The combinedmeasurementis determinedby minimization of 
 � � �QÜk ��z� in the
mannerdescribedearlier,


u� � �-Üi ��z�87 LM�ONB/ �QÜ��T? � �á?�Ü�� �U �� mâ� � ã Ü : observable� : systematic shift
(9)

ThecombinedmeasurementÜaä andits standarddeviation �^Ütä arethenÜ2ä87 � � Ü��-
 U ��� � +z
 U �� åtæ�ç �Q�^Ü2ä>� � 7 +� � +z
 U �� m � � 1 (10)

It canbeshown thattheincreasein 
 � � for oneSD of Ü2ä is
 � � « Ü2ä_ÚÞ�^Ü2ä" ��2)z�QÜ2ä_ÚÞ�^Ü2ä&¬�?A
 � � « Ü2ä" ��2)z�-Ü2ä>�&¬B7[+%F (11)

here ��)a�QÜ�� is theoptimal systematic shift asa functionof Ü .
Thecriterion �*
 � 7�+ dependsontheassumption thatthestatistical andsystematicerrors

areknown. Suppose,however, that thetruestatistical andsystematicerrorsarerather �U and
��(independentof $ ). ThentheSD of Ü.ä becomes�Q�^Ü2ä>� � 7 �U � 
�	èm �� � ; andthe increaseof 
 � �

is � �U � m�	 �� � ��
0� U � mâ	 � � � . For example, if thesystematicerrorwereomitted from thefitting
procedureof 
 � � (i.e., � 7éK ) thentheincreasein 
 � � wouldbelargefor large 	 .

Ratherthanbasethe uncertaintyestimateon onesinglenumber—the global 
 � value,
which we alreadysuspecthasnon-idealbehavior from theminor systematic differencesor in-
compatibilitiesbetweendifferentdatasets—wegobackto inspectthe 
 � ’sof theindividualdata
sets.By theHessianor LagrangeMultiplier methodwegenerateaseriesof alternatefits, which
differ by the valueof the observable

À
of interest.Theneachdatasetdefinesa “prediction”

(from thefit with lowest 
�� ) anda “range” (from a specifiedincreaseof its 
�� ). Theestimated
uncertaintyof

À
is the intersectionof theallowedrangesfrom theseparateexperiments. This

procedure,while it doesnot producea preciseconfidencelevel, doesgive a reasonableesti-
mateof theuncertaintyof thepredictionattributableto PDFs,in thespirit of a90%confidence
level. Solong asno datasetcanrule out a valueof

À
, a reasonablesetof PDFswill exist that

describestheglobaldatasatisfactorilywith thatvalueof
À

.

Figure2 illustratesour uncertaintyestimatesfor two cases.Figure2(a) shows the 90%
confidenceranges,for the separatedatasets,of the crosssection UTê for productionof a �
bosonat theTevatron[4]; thedashedlinesareour estimateduncertaintyrangeon Uuê . Figure
2(b)showsthe �*
 � 7r+ rangesfor thevaluesof thestrongcoupling ~8ëB�Qì�íB� . Theshadedband
is the PDG world-averaged1-sigma range. The vertical lines are our estimateduncertainty
rangefrom globalanalysis.Theglobalfitting is nicelyconsistentwith thePDGvalue—another
successof thestandardmodel—but we find that theuncertaintiesin globalanalysisarelarger
thanthoseof theexperimentaltechniquesusedin thePDGdeterminationof ~ÄëT�|ì�íB� .

Returningto thequestionof theincreaseof theglobal 
 � , we find thatextremealternate
PDFsets,i.e., thatwould be judgedunacceptableby our studies,tendto differ in 
 � from the
minimum valueby anamountof order100(for 	 Ôß¡jÔ I +.J%K�K for CTEQ6). Thereforewe have
adopted�*
 � 7î+.K�K asa typical tolerancefor constructing the eigenvectorbasissets `t¥ ÃÆÅ�ÇÈ c
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(b) Allowedrangesfor ø_ùiúOû´ü0ý from separatedatasets;theseare þÄ¹;º¦ÿ�� ranges.

published for generaluse in PDF applications. Obviously this increasein 
 � is very large
comparedto thenormal + .2

All PDFresearchgroupsmustconfronttheissueof “tolerance,” anddifferentgroupshave
madedifferentjudgements.TheCTEQandMRST groups,whichemploy datafrom many pro-
cesses,examinetheagreementwith separatedatasetsto estimatetheuncertainty. Otherstudies,
basedon fewer processes,applytheGaussiancriterion �*
 � 7�+ [9, 7]. Furtherunderstanding
of this issuewill emergeasthegroupscomparetheirphysicalpredictions.

6. CONCLUSION

Global analysisof QCD requiresmultivariatefitting to varied datawith both statistical and
systematic errors.Naturallyany suchproblemis intricate.A routinestatisticalanalysiswill not
solve theproblem.

This review of CTEQ methodshasemphasizedthe experimentalerrors—how measure-
menterrorspropagateto predictionsthatdependon PDFs. Othersourcesof PDF uncertainty
exist, from theoreticalassumptions.TheMRSTgrouphasrecentlypublishedanextensivestudy
of theoreticaluncertainties(thesecondpaperin [5]). Thepaperidentifiesandanalyzesfour cat-
egoriesof theoreticaluncertainty, andconcludesthat the theoreticaluncertaintyis aslargeas,
or perhapslarger than,theexperimentaluncertainty. In any casetheoreticalandexperimental
errorsareentwinedby thefitting procedure;a theoryerrormaybecompensatedby correlated
datashiftswithin thepublishedrangeof systematicerrors.

BecausePDFsareimportantfor the interpretationof currentandfuture collider experi-
ments[14], improvedtheoreticalcalculationsandmethodsof uncertaintyanalysiswill nodoubt

2Whenvarying thePDFsto generatealternatefits, we keepthenormalizationfactors§k¨0© ª fixed. Thechange
of ¹0º would besmallerif the �'§�¨i© ª�� wereallowedto readjust. For normal errors theoptimizedsystematicshifts
mustbeallowedto float whenthecriterionis þÄ¹ º ÿ�� .
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bedeveloped,especiallyasdatawith everhigherprecisionbecomeavailable.
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