PHY 481 - Outline of solutions to Homework 7

7.3 The charge density is p = Q/V = 3Q/(4wa®). The current density is given by,

J=nqi = pi = pid AT = pw(—yi + ) (1)
In polars,
x = rsinfcosd; Y = rsinfsing; ¢ = —singi + cosdi (2)
so that,
j= i:{g rsinfo (3)

7.16 Power = VI, I = j x Area = 1802A. Rate = I/Q ~ 90/s.
8.4 a), b) draw pictures. ¢) F = qif A B = quob(—xi + yj) = md. which gives the
equations,
d*x d*y d*z

T _ovabr —2 = quoby; hallied
Mmoo quobz;  m—o = quoby; M-

Solving the three equations gives, z(t) = Asin(wt) + Beos(wt), y(t) = Ce “' + De**

=0 (4)

2(t) = 29 + vot, where w? = quob/m. The initial conditions are z(0) = xq,v,(0) = 0,y(0) =
vy (0) =0, 2(0) = 0, yielding, z(t) = xocos(wt), t = z/vy and x(z) = xocos(wz/vp).

8.7 The velocity selector equation comes from qﬁ = qU N\ B , which leads to v = F/B.
The cyclotron orbit formula is found from mwv?/R = quB, so that S = 2R = 2muv/(¢B).
Combining these equations, we find, m = ¢B2S/(2F).

8.12 The field on the z-axis is directed along the z-axis (by symmetry), and the contri-
bution from each edge of the loop is the same. We thus calculate for only one edge, take the

z-component and multiply by four. We use the a) Biot-Savart law with,
dl = dzi; R=—zi+aj+zk, so diAR=—zj+ ak (5)

Also R? = 22 + a® + 22, so the magnetic field is (for one edge),

@ figl adx 2ppia’
B.(z) = — = 6
(=) —a 4w (22 + a2+ 22)3/2  dn(a? + 22)(2a2 + 22)1/2 (6)

b) As z — o0, this reduces to 2ugia?/(7z3). The dipole formula for the magnetic field
on the z-axis gives, pgm/(2n2%). Comparing the two equations we get m = 4a?i, which is

equal to i x Area as expected.



c¢) The magnetic field at the center is given by 2/2ugi/(ma), while the field at the center
of a circular loop of radius a is poi/(2a). The ratio of the fields at the center of the square

and circle is then 2%/2 /7 2 0.9.

8.18 The current densities in the inner and outer parts of the coaxial are, j;, =
In/(7a®); Jouwr = Io/(mw(c* — b?)). Amperes law for a circular loop of radius r gives,

B = piiena/(277). The remaining task is to find i.,. We have to do this in four regimes,
benet = Jinmr2, T <a; Iy, a<r<b [lp—jour(r*—0%)], b<r<ec 0, r>c (7)

The field is found by substituting these into , B = pgiena/(277), and the direction is given
by the right hand rule.

8.21 a) Using the identity V(fF)=F -V f + fV - F, we have,

V, - A(F) = %/d%’ﬁr : H%@H (8)
=20 a9 Q

The first term in this expression is zero as J only depends on 7. Now we change the

derivative of the second term on the RHS to one with respect to 7, so that

- . (10)

Now we use the identity above again (in reverse this time) to find

—

v, A = [an Yt g, (20 (1)

 4r |7 — 7| |7 — 7|

The first term is zero due to the continuity equation and the second one is zero as seen by

transforming to a surface integral.

b) The Laplacian of A(7) gives,

=2 1= _ Mo 3,07 71 A\ 2 1
VA = 2 [ TV ) (12)
Using Eq. (3.4) of PS, this reduces to,
[ @ T (~amo(7 = 7)) = ~ o] (7) (13)
T



8.24 The magnetic dipole formula is

A

5 Mo (3m-F)F —m
T 4r r3

(14)

A

The radial component of the field is B, = B -# = 2(m - #)/r’.  Writing
P o= sinflcosgi + sinfsindj + cosOk allows us to find the field. Similarly for the
other two components, where we use, 0 = cosbcos bi + cosOsing] — sinfk, and
QAS — —singi + cosdj. To evaluate the field use latitude = 90 — 6, longitude = ¢, and the
pole angles 0y = 169, ¢y = 109,

8.28 a) The current density is jo = Io/(7R2), so the current enclosed within an Amperian
circle of radius r centered on the axis of the wire is, i(r) = jomr?, for r < Ry. For r > Ry the
enclosed current is Iy. The magnitude of the magnetic field for r < Ry is then uolor/ (27 RZ).
The direction is given by the RHR.

b) The current density is Iy/(7w(R2 — b?)). The magnetic field is a superposition of a wire

with no hole minus the magnetic field due to a wire of radius b, centered at x = a, so that,

~

= tolo A
B = — 1
total 27T<R(2) . b2) (r(b 7,Q‘S(ZSS) ( 5)

where 7 is the distance from the center of the wire, r, is the distance from the center of the

hole, and 923, és are the unit vectors in the ngﬁ direction for a co-ordinate system centered at

the center of the wire and hole respectively. Now note that,

~ ~

rg = r(—singi + cos¢j) = (—yi +1J);  reps = r(—sindi + cos¢j) = —yi + (x —a)j (16)

leading to,
,UOIOCL ~
on(R2 — 12)’

8.31 a) We can use the result we have for the magnetic field on the z-axis for a circular

étotal - (1 7)

current loop. The current in the loop is now,

B @ B 2rrdro

i(r) = = = 1
di(r) o T wrodr (18)

The magnetic field in the z-direction at position z along the disc axis is then,

R di(r)r? R yowo  ridr
Hoa? Ho
B.(z) = [ 0T /
(Z> 0 2 (712

19
0 2(r? 4 22)3/2 + 22)3/2 (19)



Using the integral

r? + 222 , powo . R% + 222
/Cl7‘7"3/[(7“2 +2%)°7) = gy Yields B.(z) = 02 [(RQ ) 221 (20)

b) The magnetic moment can be found in two ways. First we can use dm = idA, and

integrate over 7,
nwo R

R R
m = / A(r)di = / rriwrodr = (21)
0 0 4

An alternative approach is to expand the solution to the field to leading order and to

compare the result to pom/(272%), which is the general dipole field formula on the z-axis.

The expansion needs to be carried out to second order in (R/z)?, so that,

24222 1 2 /(922 2 1 R2 2
L B R MR (R LA 1.
z

(R + 22)12 (1+ (R2/22))1/2 222 2 4.) =22 (22)

22
The leading order term in this expansion is R*/423, so the leading term in the expansion of

the field is,

woR* m rwo R
~ HO — ko ; sothat m=
823 223 4

B.(2) (23)

which is in agreement with the first method.



