PHY481 - Lecture 17
Chapter 5.1-5.3 of PS - We will not cover 5.4, 5.5

A. Legendre Polynomials - Series solution
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This equation is call Legendre’s equation and is solved using a series solution, P(u) =

J+I(l+1u=0 (1)

o o Cpu™. Substituting this series into Legendre’s equation we find that,

gl—u ZC’nu”l—i-le—i—lC =0 (2)
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and,
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The coefficient of u™ in this equation must be zero, implying that,
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Cri2(n+2)(n+1)+Cull(l+1) —n(n+1)] = 0; hence Cphyo=C, (4)

For a given value of [, we get two series of solutions, one starting with a value of Cjy and
producing Cs, Cy... and the other starting with C; and producing C3, Cs... The key
physical observation is that if [ is an integer, the series terminate at n = [, leading to a
finite polynomial solution. In contrast if [ is not an integer, the series does not terminate
and the coefficients remain finite at infinity, a solution that does not have physicial meaning.
The constants Cy and C are fixed by requiring that the polynomials be normalized on the
interval [—1, 1], which corresponds to [—m, 7] in the original variable 6. The normalization

condition is
2

/_11 PRw)du= == or A1) =1 (5)

With this choice the first few Legendre polynomials are,
Py(u)=1; Pi(u)=u; Py(u)=(3u>—1)/2; Ps(u) = (5u’ — 3u)/2 (6)

Higher order functions P;(u), are found by choosing an arbitrary starting constant, applying
the recursion relation till termination, then normalization using Eq. (5) fixes the starting

constant.



The solution to Laplace’s equation for cases where there is no dependence on ¢ is then

of the form,

V(r,0) = lZ%(Aﬂ’l + %)Pl(cos@) (7)
If we set A; = 0 in this expansion, we get terms which are of the form of the general multipole
expansion, with By the monopole term, B; the dipole term and B, the quadrupole term. In
lecture 9, we carried out the multipole expansion to order [ = 2 using the expansion,
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Now we recognize the angle dependent terms in this expansion as Legendre polynomials. In
fact this expansion can be carried out to arbitrary order in terms of Legendre polynomials
yielding,
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=> TH_IPI(COSQ) r>ry, (9)

1=0
which of course reproduces the multipole terms we found before. Also since this is an
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expansion to infinite order, we can extend it to the regime r < r;, where the expansion takes

the form,
1 <yl
T — Z THlPZ(cos@) < T (10)
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Of course these two terms are just the terms in the general solution to Laplace’s equation
in polar co-orindates (Eq. (7)).

A simple example. Consider a sphere in a constant applied electric field E = Eyk. The
potential is then V(z) = —Eyz = —FEyrcosf. Again we tried the simplest solution first,

which corresponds to [ = 1, so that,
B B
V(rd) = (Ayr + T—;)Pl(cose) — (Ar + r—;)cosﬁ (11)

To satisfy the boundary condition at infinity, we set A; = —FEj, and to satisfy the boundary

condition at the surface of the sphere, we require

B
V(R,0)=0=(—EyR+ R#;)0039 so that B, = EyR? (12)
yielding the solution,
EyR?
V(r,0) = (—Eor + —5—)cost (13)
T

From this expression it is clear that the induced dipole moment can be found by comparing,

Pinacostl  Ey R3

k cosf so that ping = dmegEyR® (14)
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Notice that FyR?/k has dimensions of charge.

A more interesting example - Example 1 of PS. Consider a square region of space, centered
at the origin and with of dimensions a x a. The sides of the square are parallel to the x and
y axes. The sides at y = +a/2 are held at a fixed potential Vj, while the sides at z = +a/2
are held are grounded, ie V' = 0 there. Find an expression for the potential everywhere on
the interior of the square domain.

Solution The first observation is that the boundary conditions in the boundary condi-
tions in the x direction are symmetric about the origin so we choose functions of the form
X(x) cos(kz). Similarly the boundary conditions in the y-direction are symmetric so we
choose Y (y) cosh(ky). Since there is dependence on both x and y directions, we expect the

one dimensional solutions will not be useful, so we do not include them. We then have,

ZA cos(kx)cosh(ky) (15)

At this point we don’t know what values of k are needed. We can find a set of values of k
by imposing the boundary conditions in the x-direction where V' (a/2,y) = V(—a/2,y) = 0.
These boundary conditions can be satisfied by choosing,

o+ 1
cos(haf2) =0 or k= EUT i n—0.1,2. (16)
a

Notice that we don’t need to include negative values of n due to the fact that the cosine

function is even. The electrostatic potential is then given by

ZA n)cos((2n + 1) - )cosh((2n+ 1)%) (17)

Our remaining task is to satisfy the boundary conditions in the y-direction, V' (z, +a/2) = V;,

so we need,
Z A(n)cos((2n + 1) - )cosh((Qn + 1 Z A'(n)cos((2n + 1)%) (18)

where A’'(n) = A(n)cosh((2n 4+ 1)7/2). Our problem reduces to finding the Fourier cosine
series for a constant function. Due to the orthogonality of the basis functions, we can extract
the coefficient A’(n), by multiplying both sides by cos[(2n’ + 1)(7wz/a)] and then integrating
both sides over the interval [—a/2,a/2],

a/2 a/2

Vocos[(2n' + 1 dz = Z A'(n /_ cos((2n + 1) )cos((?n' + 1)%)0[1’ (19)
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Carrying out the integrals, we find that,

%sm((zn/ + 1)%) = > A (n)dum /_ CZ;[COS((Qn + 1)%)]2 dp — aA’Q(n') (20)

Solving we find that A'(n) = 4V,(—1)"/[(2n + 1), so the solution to our problem is,

& AV (1) cos((2n 4 1) B )cosh((2n + 1) %)
Viz,y) = (2n+1)m cosh((2n +1)%)

n=0

(21)



