
PHY481 - Lecture 4
Sections 2.4,2.5 of Pollack and Stump (PS)

A. Curvilinear co-ordinates: Scale factors h1, h2, h3

In general a set of curvilinear co-ordinates can be orthogonal or non-orthogonal. We focus

on the orthogonal case, which includes cartesion, cylindrical and spherical co-ordinates. We

denote the unit vectors to be ê1, ê2, ê3, and that a position vector ~x is written as,

~x = (u1, u2, u2) = u1ê1 + u2ê2 + u3ê3. (1)

For the Cartesion, Cylindrical, and Spherical Polar cases, we have (u1, u2, u2) =

(x, y, z), (r, 0, z), (r, 0, 0) respectively.

Now imagine displacing the co-ordinates by a small amount du1, du2, du3, this leads to a

change in the vector ~x by an amount d~s. In general we can write

d~s = u1h1ê1 + u2h2ê2 + u3h3ê3 (2)

where h1, h2, h3 are the scale factors. They are central to deriving the relations that we

need. Lets derive them for the three cases of interest (done in class). The results are,

Cartesian: hx = 1, hy = 1, hz = 1

Cylindrical: hr = 1, hφ = r, hz = 1

Spherical Polar: hr = 1, hθ = r, hφ = rsinθ

B. Unit Vector Transformations

In lecture 2 we noted the transformations between Cartesian and cylindrical co-ordinates,

x = rcosφ; y = rsinφ; x2 + y2 = r2 (3)

and that between Cartesian and polar co-ordinates,

x = rcosφsinθ; y = rsinφsinθ; z = rcosθ; x2 + y2 + z2 = r2 (4)

Relations between unit vectors in the three co-ordinate systems are also useful. First consider

cylindrical co-ordinates (where we use either θ or φ for the angle and r for the in plane

radius). It is easy to see that,

r̂ = cosφî+ sinφĵ; φ̂ = −sinφî+ cosφĵ (5)
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and

î = cosφr̂ − sinφφ̂; ĵ = sinφr̂ + cosφφ̂ (6)

The transformations in the case of polar co-ordinates are,

r̂ = sinθcosφî+ sinθsinφĵ + cosθk̂;

θ̂ = cosθcosφî+ cosθsinφĵ − sinθk̂;

φ̂ = −sinφî+ cosφĵ (7)

and

î = sinθcosφr̂ + cosθcosφθ̂ − sinφφ̂;

ĵ = sinθsinφr̂ + cosθsinφθ̂ + cosφφ̂;

k̂ = cosθr̂ − sinθθ̂ (8)

C. Volume element, Grad, Div, Curl and Laplacian in curvilinear co-ordinates

We write down the expressions for these quantities in terms of the scale factors, hi, and

explicit expressions are found by A volume element dV at position ~x is given by,

dV = h1h2h3du1du2hu3 (9)

1. The gradient is found by using two forms for the expansion of a scalar function

df =
∂f

∂u1
du1 +

∂f

∂u2
du2 +

∂f

∂u3
du3 (10)

and

df = d~s · ~∇f = ds1(~∇f)1 + ds2(~∇f)2 + ds3(~∇f)3 (11)

Using Eq. (), we also have

ds1 = h1du1; ds2 = h2du2 ds3 = h3du3 (12)

Combining Eq. (), yields,

~∇ = (
1

h1

∂

∂u1
,

1

h2

∂

∂u2
,

1

h3

∂

∂u3
) (13)

2. The divergence is found by using the same procedure that we used in Eq. (), but now

using curvilinear co-ordinates.

~∇ · ~FdV = [F1h2h3|u1+du1
− F1h2h3|u1

]du2du3+
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[F2h1h3|u2+du2
− F2h1h3|u2

]du1du3 + [F3h1h2|u3+du3
− F3h1h2|u3

]du1du2 (14)

From this expression and using dV = h1h2h3du1du2du3 we find,

~∇ · ~F =
1

h1h2h3

[
∂

∂u1

(F1h2h3) +
∂

∂u2

(F2h1h3) +
∂

∂u3

(F3h1h2)] (15)

3. The Laplacian of a scalar function f is ~∇ · (~∇f), which reduces to,

∇2f =
1

h1h2h3

∑

(ijk)

∂

∂ui

(
hjhk

hi

∂f

∂ui

) (16)

4. The Curl is developed in a similar way yielding,

~∇∧ ~F =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

î/h2h3 ĵ/h3h1 k̂/h1h2

∂/∂u1 ∂/∂u2 ∂/∂u3

h1F1 h2F2 h3F3

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(17)

These expressions are used, along with the expressions for the scale factors hi to write down

expressions for Grad, Div, Curl and Laplacian in cylindrical and in polar co-ordinates. We

shall use these expressions repeatedly later in the course.

D. Helmholtz theorem. Any vector field ~F with the properties

limr→∞
~∇ · ~F → 0, limr→∞

~∇ ∧ ~F → 0,

may be broken up into a divergence free part and an irrotational (curl free) part, so that,

~F = −~∇Φ + ~∇∧ ~A (18)

where the scalar potential Φ and the vector potential ~A are related to the vector function

~F through.

Φ = −
∫

V

~∇ · ~F

4π|~r′ − ~r|
d~r′ (19)

~A = −
∫

V

~∇∧ ~F

4π|~r′ − ~r|
d~r′ (20)

As we shall see later, these expression are derived in physics by superposition of the electro-

static potential (topic expression) and vector potential (lower expression).

A consequence of Helmholtz’s theorem is that if we know the div and curl of a vector

function, then the function is specified. This is important in electrostatics where we have

the two equations

~∇ · ~E = ρ/ǫ0; ~∇∧ ~E = 0 (21)
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and

~∇ · ~B = 0; ~∇∧ ~B = µ0j (22)

Now recall the two identities that are valid for any scalar function f and vector function ~F

~∇∧ (~∇f) = 0; ~∇ · (~∇∧ ~F ) = 0 (23)

From these identities it is easy to see that ~E = −~∇ψ and ~B = ~∇ ∧ ~A, where ψ is the

electrostatic potential and ~A is the vector potential.

Examples

1. Consider f = x, then ~∇ = î. Equipotentials are at x = constant, so ~∇ is perpendicular

to equipotentials of f .

2. Consider the two functions ~F = x̂i and ~F = xĵ. Show that the first function is

irrotational (curl is zero) while the second is solenoidal (divergence is zero).
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