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The analog of a quantum kinetic equation for the description of time correlation functions
of singled out nonlinear oscillators interacting with a medium (e.g. local or quasi-local
vibrations in crystals) is obtained. Both the frictions, the linear and nonlinear one (the
latter is due to decays with participation of two quanta of singled out oscillators), were
taken into account. Spectral distributions of the correlation functions of the coordinates
are found as well as those of occupation numbers. The essentially non-Lorentzian shape of
the spectral distribution and its dependence on interaction parameters and temperature
are analysed.

IlosryyeH amaJior KBAHTOBOTO KHHETHYECKOTO yPaBHEHWsA JIJiA OLHMCAHUsI BpC-
MEHHBIX KOPPEJAIMOHHBX (YHKOUN BRIIeJeHHLIX HEJUHCHHBIX OCHHINIATOPOB,
B3aUMOJefiCTBYIOIIMX €O CPeIoil, HAIpuMep JIOKAJHHBIX WM LKBASHIOKAJLHBIX
KoJeGaHWl B KpHCTAJIaX. YUYWThBaeTes Kak JuHeiiHoe, Tak U HeJuneifHoe
Tpenne (00YCJIOBIEHHOE IIPOIleCCAMH C y4YacTHeM JIBYX KBaHTOB BBHII€JEHHBIX
rosefannii). HaiijeHsl clexrTpanabHBle paclpefeseHuss KOPPeJATOPOB 1OOP-
AMHAT, a Talske wmces 3anoJiHeHHA. IIpoaHajusupoBaHa CYHIECTBCHHO HEJIO-
peHroBcras PopMa CIEKRTPAJILHBIX paclpellesieHuil, ee 3aBHCUMOCTH OT Ilapa-
METPOB B3aNMOJEHCTBUA M OT TeMIlepaTyphl.

1. Introduction

There are some applications where it proves to be necessary to consider the
relaxation of singled out nonlinear oscillators interacting with a medium and
to calculate the corresponding time correlation functions as well as their spec-
tral distributions. Thus, for instance, local and quasi-local vibrations near
defects in crystals are to a more or less degree nonlinear while their spectral
distributions determine impurity spectra of infrared absorption and of light or
neutron scattering. Some problems connected with nonlinear oscillations arise
in the theory of lasers and plasma. The problem of nonlinear oscillator damping
is of interest also for the general theory of relaxation in the statistical physics.

Relaxation of linear oscillators with interaction with a medium depending
linearly on their coordinates g, (or the operators a,, af) was investigated in
detail in papers [1 to 5]. It is found in particular that such interaction gives
rise to an effective friction proportional to the velocity. In this case the spectral
representation @,(w) of the time correlation function @,(t) = {q.(f) ¢.{0)> has
the well-known Lorentzian shape whose half-width is equal to the double
reciprocal lifetime 27; 1 of the oscillation %. As it is shown in the [6] even
small nonlinearity of singled out oscillators may result in a significant modi-
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fication of the shape of the distribution @,(w) and may produce an essential
additional broadening which is not connected with the lifetime and has a
modulational nature. In terms of the classical theory these effects are due
to the dependence of the nonlinear oscillation frequency on the amplitude that
is to the frequency modulation in time (as a consequence of interaction with
a medium) while in terms of the quantum theory they are due to the non-equi-
distancy of levels of the nonlinear oscillator. With the use of special methods
developed in the classical {7} and quantum [8] theory the complete calculation
of @,(t) was performed for nonlinear oscillators with a linear friction (the energy
of interaction with a medium is linear in g,).

New effects arise in the case of nonlinear friction i.e. when the interaction
energy contains terms proportional to ¢i. Since here the friction coefficient
depends on the amplitude and hence varies in time even for a linear (with
neglect of interaction) oscillator the relaxation process becomes complex, the
damping of the correlator @,(¢) will be non-exponential and the spectral distribu-
tion @,(w) will be non-Lorentzian. @, (w) becomes still more complex if both
the restoring force and the friction are nonlinear. The friction nonlinearity
especially strongly affects the correlation function of the occupation number
operators N,(¢) = {(f,(t) (,(0) — )Y (M = @t,, Ny = {Rpp). In case of linear
friction modulational effects do not influence this function and it decreases as
exp (— 2t/t,) even for a nonlinear oscillator. But if the friction is not linear
the law of damping becomes essentially nonexponential.

Below the quantum theory of singled out oscillators with nonlinear friction
is developed with the aid of the method proposed in the earlier paper [8]. In
Section 2 the general equation is obtained which is the analog of a quantum-
kinetic equation for the time correlation function of arbitrary operators of
such oscillators. Thisequation is then used for the analysis of the spectral distri-
bution of a correlator for the coordinates of a single isolated oscillation (Sec-
tion 3) or two interacting oscillations (Sec’cion 4). Numerical calculations allow
to investigate the distribution shape for various parameter values. In Section 5
the correlator of the occupation numbers is analysed in the similar way.

2. Quantum Kinetic Equation for the Time Correlation Function

For the sake of definition we shall consider here as singled out oscillations the
oscillations those of a weakly bound impurity atoms or molecules in crystals
while as medium we consider an assembly of continuous oscillations in the
crystal from which the impurity is taken away. However, the results are practi-
cally applicable to general case provided the parameter values in the formulae
are changed accordingly. For simplicity we shall confine ourselves to defects
of such a symmetry that terms of the third order in g, are eliminated from
the Hamiltonian (this corresponds, e.g., to an impurity atom in the inversion
centre).

Singled out oscillations will be denoted by the index » while osclllatlons of
the continuous spectrum by k. When there is no interaction the Hamiltonian
of the system may be written as

~ ~ A ~
HO = 2 Wy My, + % 2 Vnn’nun%' 'I" 2 Wy 5
» 3¢ k

/ﬁn — a:d,, > ﬁlc = a/;c—a/lc . (1)
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Here w,, and w; are the frequencies of the oscillations » and %; the second term
describes the nonlinearity of the singled out oscillations and their interaction
with each other. We have omitted in (1) terms of the type ala} and terms
describing the anharmonicity of the oscillations of a continuous spectrum which
are of no significance for the effects under consideration. The assumption is
made that w,’s are not close to each other as well as to the combined fre-
quencies o, + w, and do not coincide with singular points in the density of
the states of continuous oscillations.

The Hamiltonian of interaction between singled out oscillations and oscil-
lations of the medium when the anharmonicity of fourth order is neglected may
be written as

H; = 2}; Vit + ax) (e + af) + 5 %' Vi (s + az) (o, + af) (ap + af) +
+ Z Vxx’/c(an + CL:) (a%' + a:’) (alﬂ + a;vr) . (2)

'k
The first two terms in this interaction Hamiltonian lead to a linear friction
while the last term leads to a nonlinear one.
Let us consider the time correlation function of two arbitrary operators 4,
B for one of the singled out oscillators »:

CA(t) B(0)y = Z~1 Sple—*Heii e~iMt B) . (3)

Here H=H,+ H;; Z=8pe*; } = (kT)?1; #=1. Without loss of
generality we put (4> = 0. Let us assume also that {(A(0) B(0)> == 0.

The parameters V,, and polarization operators R, connected with the inter-
action H; are taken to be small as compared with w, and k7. Since, however,
we are interested in correlation functions at large times ¢, V¢ and R,# must not
be treated as small ones and the usual perturbation theory fails. Therefore, in
calculating the correlators one should use the methods of asymptotic perturbation
theory.

We shall confine ourselves at first to a simpler case when there is only one
singled out oscillator » = 1 or when the interaction between singled out oscil-
lators may be neglected. The trace in (1) may be calculated using the complete
set of eigenfunctions (n,| and (n;| of harmonic oscillators in the occupation
number representation. Let us pass to the interaction representation by intro-
ducing the operator U(t) = exp (iHyt) exp (— tH¢t). Then the expression for
the correlator will take the form

CAW BO) = (4 1) 3 ABye—iomn x

m,n, p, =0

X exp {— i@y + 5 V(n -+ m)] (n — m) ¢} Fn, m; q,p; ¢) . (4)

For brevity we have omitted the index » = 1 at the quantum numbers
m, n, p, ¢, the mean Planck number 7%= %, and the nonlinearity constant
Vu=7V; A, and B,, denote the matrix elements of the operators A and B
with respect to the harmonic oscillator wave functions while the function F is
defined by the formula

Fn,m;q,p;t) = IT (ny + 1)~ E exp(~— A Z‘wknk> X
k vy NEy My =0 k
X (’I’I/, nlcl U(t) IP: WZ]C) (‘L mlﬂ' U—l(t + 7’1‘) |m’ nk‘) M (5)
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Using the chronological ordering of operators and taking into account the
smallness of the coefficients V,zr one can carry out the summation over ny,
my in (5) that excludes the continuous oscillations. Then the procedure similar to
that used in [8] makes it possible to deduce the differential-difference equation
for the function F valid (in the sense of the asymptotic perturbation theory)
in the large time range > w3, wy' (w, is the maximum frequency of the
continuous spectrum). This equation plays the role of a quantum kinetic
equation and has the form

r ; ¥ 2 _ .
i ng;q’p ).— 2 Dyn, m) e Vitn=mt Fn + §,m + j; q,p;t), (6)
j=—2

where the coefficients D, are defined by the expressions

Dy(n, m) = — I'(n) — I'(m) — iP(n — m) — ¢ V;z) (n—m)y(n -+ m+ 1); I
Dys(nym) =2l + + F )Y+ 3 £ m+ 5 £ 35 | ]
Dais(n,m)y = 2@y + 4+ F 2 Y £ ) (n+ 1 £ D) (mA 1) (m + 1+ 1),

(7
Here P is the shift of the frequency of the singled-out oscillator due to interac-
tion with the medium. It is determined by equations (9), (20), (26) for P, in
[8]. V& is the renormalization of the non-equidistancy constant V defined by
the second addend in equation (26) in [8] for V,, (the sums in (26) are to be
understood in the sense of a principal value). The parameters I" are related with
the damping of the singled out oscillation:
I(m) = Iim(2n + 1) + 2] + I'®[20y(m?* + m 4 1) 4 m(m — 1)];
T (8)
20+ 1°

Ty = 7(20,,) =

I'=n %1 Vo 0w, — o) + %%‘ Vil (e 4 e 4 1) 8w, — 0 — wp) +

+ 2(myy — M) w, — g, -+ wp)]; = (M . (9)
I =7 3 Vi (2w, — o) . (10)
k

The coefficients D in equation (6) as well as in [8] were calculated to the second
approximation of the perturbation theory. The initial condition for this equa-
tion is evident F(n, m; q, p; 0) = 6, y0m,, Since the solutions of equation (6)
corresponding to m, n = 0 and to m, n < 0 are not connected this equation
and the initial condition unambiguously determine F at all ¢.

In order to calculate correlation functions from (4), (6) in any concrete case
it is convenient to multiply (6) by B, and to perform the summation over
P, ¢ making use of the fact that the factors in (6) do not depend on p, ¢. Then
for the function

IﬂB(n>M;t) :EF(%mHI:p;t) B]?t] (FB(n> m,O) :—Bnm) (11>
23

we get the same equation (6) with the initial condition written in (11). ‘
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3. The Speetral Distribution of the Time Correlation Funetion
of Oscillator Coordinates

The shape of lines in spectra of infrared absorption or emission (or in-
elastic neutron scattering) by local or quasi-local vibrations is determined by
the spectral representation @, (w) = {a,(t) a}(0)>, with an accuracy to a factor
weakly depending on frequency. Equations (4), (11) being taken into account,
@,(w) may be written in the form

1 o0
@w) (m+ 1)"* Re X o(m, w);

7 m=1

p(m, w) = f dt exp (282¢) 3 F(m, m — 1;9 — 1, q;¢) Vm—q X (12)
0 7=1

X exp [_lw,,(m;«l)—ith]; Q=w—w,—P++ V.

The functions g(m, w) with different m satisfy the difference equation which
follows from (6) written for the function (11) with B = a; after the transi-
tion to the spectral representation in (6) and taking into account the expressions
for the matrix elements of the operator 4 = a,,

[i(Q2 — Vm) — I'(m) — I'(m — 1)] @(m, ) + X Dym, m — 1) ekiox x |
j+0 l

fnﬁ;j(l)(m F i) =—mexp[—Adwm —1)]; V=V_rv@;, (13)

(0, ) = @(o0, w) = 0. J

Each addend ¢(m, w) in the sum (12) determines the partial spectrum cor-
responding to the transition from the level m — 1 to the m-th one. 1t is
essential, however, that these transitions “‘interfere” and are not independent.
In fact, if to neglect the terms with j &= 0 equation (13) describes the Lorentzian
shape of the line Re ¢(m, w) for a single transition, but the terms with j == 0
complicate in a general case the shapes of both the individual lines and the
whole distribution.

When " and I'® (and hence D, (j = 0)) are small one can solve (13) by the
iteration method neglecting in the zeroth approximation the terms with j == 0
at the determination of ¢ = ¢° but allowing for these terms in the first approxi-
mation (with ¢ being replaced by ¢%. Thus

Re p(m, w) = m exp [— dw,(m — 1)] D(m, ») X
7’/2/ “}—*7 . . Fmrm N ngm,!,j
¥ — D/ —" D(m d -
X 1—}—}.:5’ fc2])j(m, m )\/ p” Dim + §, o) Tl ; (14)
Omy0) = i =T I Dy Q,=0-—7
”whrﬁa-f-[?fn’ m = L'(m) + I'(m — 1); 2 =02 — Vm .

The main first term in this expression determines the symmetric Lorentzian curve

with maximum at 2 = Vm that is the lines corresponding to different m are
equidistant in the zeroth approximation. The expression for the half-width of the
Lorentzian curve 21, coincides with that obtained according to the Weisskopf-

8*
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Wigner formula. Tts dependence on the line number m and on the temperature
in case of a linear and nonlinear friction is determined by equations (8) to (10),
(14). | )

The correction term ~ I'y/V, appears because of the fact that transition fre-
quencies of the weakly nonlinear oscillator under study are almost degenerate.

It leads to some asymmetry in individual separate bands, ~ I'y/ ¥, a small non-
equidistancy of peaks, and to a change of their intensities. The correcting term
is small and the iteration method used here is valid if the condition

V1> I(m) (15)

is satisfied. In this case the spectrum has a distinct fine structure. Such a
structure was observed in the spectrum of infrared absorption by non-degenerate
quasi-local oscillations of impurity ions Eu?* in MnF, [9]. According to (14),
(8) to (10) the bands are asymmetric, they broaden and shift with tempera-
ture increase.

Since @(m, w) is proportional to exp [— Aw, (m — 1)], only one band cor-
responding to m = 1 appears in the spectrum at 7' — 0. Other bands are
included with temperature rise. If it is possible to ignore all g(m, ) with
m >> 2 that is to take into account the existence of only two bands then system
(13) is reduded to two equations whose solution is of the form

(Il — 18y + Iy — 22, + 81'n

1,0 2 =- S — e 16
Equation (16) permits to easily calculate the shape of the spectrum
Re ¢(1, w) + Re ¢(2, w) for arbitrary parameter values at low temperatures.
This spectrum is composed of the intensive band m = 1, distorted due to
interference with the band m = 2, and the band m = 2 itself. The spectrum

must have two peaks (of essentially different intensities) if |V|/I'® is large
enough or must be described by a single asymmetric curve if this ratio is small.

The system (13) has an exact solution in the special case of the complete de-
generation of the transition frequencies V=0 and I'® = 0 (the friction is
pure linear). Here

r

r4 ¥

that is all the bands are of the same shape and have a common maximum, differ-
ing only in intensities. The band width does not depend on the number and
naturally does not reduce to the line width calculated according to Weisskopf-
Wigner in this case of complete degeneration. The introduction of bands
itself is justified here only by their connection with the case of abcent
degeneration. In such a way, from the adopted point of view the known
“paradoxon’ of the harmonic oscillator (see, e.g., [3]) may be solved.

The condition (15) ceases to be fulfilled with the increase of temperature or
number m. The fine structure is gradually smeared out (if it was distinct) and
equation (14) becomes inapplicable. The opposite extreme case |V| << " and
I'® < I' was treated by the Green function method in [6]. Tt should be noted
that the increase of 7' and m makes more important the role of nonlinear friction
according to (8) to (10), (13).

Re ¢(m, w) = m exp [— Aw, (m — 1)]
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Tt is not difficult also to study analytically the behaviour of the distribution in
the wings. Neglecting Vm as compared to £ and noting that the terms with

j = 0in (13) are of the order I'y|p| < |t2¢| we get as a result of iteration
I+ 47w — 7y)
Qe '

1 _
Qo) = (i + 1) ()

The spectral distribution may be analysed in a general case by means of a
numerical solution of (13). It is not difficult to solve numerically this system of
difference equations and to find both Re ¢(m, w) and @,(w) for any given set of
parameters ¥V, I", I'®, and 7. In case of linear friction (I'® = 0) the solution
reduced to is a quadrature of elementary functions. Corresponding numerical
calculations for the classical and quantum cases are given in [7, 8]. When the
nonlinear friction is also essential the complete set of independent parameters
VI, I'®|T, and 1w, is large and therefore we have carry out numerical cal-
culations hereonly for the high temperature range where the fine structure is
absent, T' > w, and the classical approximation is applicable.

In the classical limit the main contribution into @,(w) give terms with large
m. Let us introduce the continuous variable x = Aw,m and the function
W(x, w) = Aw,p(m, ). This allows to go from the difference equation (13) to
the differential equation

dazw
20(1" + y@u) By + 221" + y3(1 - ]"— +
R = 0s) - L=y = B W = —we™; W) = Wieo) =03 |
21 14
2y —="_"__. —_ o
Y Z(I()” 5 v },wn » Qn( .7'61(,()” Ref W .’L' C()

The dependences of @, on £ at various »/I" are plotted in [7] for the case of
a purely linear friction (y® = 0). In the opposite extreme case where nonlinear
friction is of the primary importance (/"= 0, 9® == 0) spectral distributions at
various »/y(?) were found by the numerical solution of the boundary-value prob-
lem (18). Fig. 1 shows the results of these calculations (performed on the com-
puter BESM-6). It is seen in this plot that in case of a nonlinear friction even
in the absence of non-equidistancy the spectral distribution being symmetrical
differs essentially from the Lorentzian one (referred to the case of linear fric-
tion). Although curve 1 decreases as y®/02 at large ||, it is significantly
narrower and higher in the central part of the spectrum than the Lorentzian
curve. The peak height of curve 1 equals 1.67/z (instead of 1/mx for the Lo-
rentzian curve) while the width at the half peak height is half as great as that
of the Lorentzian curve. The rise in v (the parameter v determines the non-
equidistancy of levels) leads to broadening of spectral distributions and to a
shifting of their maxima.

In the general case where both the linear and nonlinear friction are present,
the problem includes two parameters even at high temperatures and it is inex-
pedient to give the results of calculations of spectral distributions. Therefore
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Fig. 1 Fig. 2
Fig. 1. Spectral distributions @,(w) at high temperatures in the case of purely nonlinear
friction. The curves 1 to 6 correspond to the parameter values vfy®) = 0; 0.5; 1; 2; 3; 5.
The dashed line is relevant to the Lorentzian distribution of the same integral intensity
and the same asymptotes at large | 2| as those in the curve 1

Fig. 2. The half-widths A of spectral distributions at various values of the parameters

v/p2 and p@/I", The curves 1 to 6 correspond to the parameter values »/y(2) = 0; 0.3;

0.5; 1; 2; 4. The dashed lines show the asymptotes for the dependences of Aw on v/y(2) at

Y1 — oo (or I'— 0), corresponding to Fig. 1. The scale is chosen to be proportional
to the Lorentzian wing amplitude of the distribution
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Fig. 3. Parameters of spectral distribution asymmetry at various values of v/y(?) and
y()/T. The curves 1 to 5 correspond to v/y(®) = 0.3; 0.5; 1,; 2; 4. The dashed lines show
the asymptotics of the dependences of § on v/p() at p2/I" — oo

Fig. 4. Characteristics of a non-Lorentzian shape of the distribution @,Aw at different
values of v/p(2) and y(2)/I". The curves 1 to 6 correspond to v/y(2) = 0; 0.3; 0.5; 1; 2; 4
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we shall confine ourselves only to the data for the main characteristics: the widths
at a half peak height Aw, asymmetry parameters ¢ = %j—)gﬂ (2412
are the frequency intervals between the points corresponding to the maximum
and half peak intensities on the right and left sides of the maximum; Aw =
= 2,1 + £.1p2), the products @,Aw (@, is the peak height of the curve)

As can be seen from Fig. 2 the distribution width Aw increases with the rise
in y® and v (Fig. 2 to 4 do not show results for p2 = 0, v == 0 since they are
given in [7]). The distribution asymmetry ¢ shown in Fig. 3 depends mono-
tonously on the parameter v. The quantity mlw, Q. Aw given in Fig. 4 is one
of the parameters that describe the departure of the distribution @,{(w) from the
Lorentzian one. It is equal to 2 for the Lorentzian curve. Non-equidistancy
causes this parameter to grow while nonlinearity of the friction reduces its
value (at vfy® = 1 these effects are almost compensated). The dotted lines in
Fig. 2 to 4 show asymptotes of the corresponding functions at y®/I" — co
(or I' -~ 0). The asymptotes are reached at very large 9®/["~ 102 1In the
opposite case /1" < 1071 and |v|/I'< 107! the next analytic expressions are
valid,

Aw 26 (@) — o? 16 y@v

<

I+®» "7 15 e v 45 I

AW, Qm Av = 2 — % v 7?112

4. The Effect of Interaction between Singled out Osecillators
on Their Spectral Distribution

To illustrate the effects due to interaction between singled out oscillators we
shall consider the case of two oscillators » = 1, 2. Carrying out calculations
similar to those in the above case of a single oscillator one may write the spectral
representation Q;(w) of the correlator {a(¢) af(0)> as the sum of functions of
type (12),

1 _ %
Q(w) = - (n(wy) + 1) (m(wy) + 1)1 3 @(my, my, @), (19)

My, My =0

where ¢ is determined from difference equation similar to (13),

['i(.Q — %‘ Vl,cm,,) — I'(my, my) — I'lmy — 1, mz)] plmyg, my, ®) 4

+ X D"”le 7, oxP (L M%) @lmy + fo, My + o, ) =

Ji,fa=11, £2

= 7"11 exp [_ 2 Ay fm,, — aul)] .
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Here
I(my, my) = I'(my) + I'(my) + 4L [mymy(n, + 1) +
(b 1) (my D7, ]+ 4T 3 mylme 4 1) [ 4 0o — )13

_ _ e
Ny = n(|w; £ wy);

‘ I, x>0
h=mn %’ Vier 0wy + wo| — ay);  O(w) ={

0, 2 <0’
Djo = Dy (my, my — 1); Do, = Dj(my, mp); Do o =0;

Dy, = 8Ty + 4 — 7)) (my + + + + 7o) Vmg + 1) my

™~

(21)

(h = Jo = + 1);
D;;, = 8l z[n_ + % - 7}7'1 — ol (wy — )] (my -+ % + % J2) X
X Ymalmy + ), Gi=—fo=+1).

Equation (20) may be solved numerically. A simple analytical solution is
obtained for high-frequency local vibrations at Aw; > 1 which interact with
low-frequency quasi-local vibrations (Aw, = 1) in case when the conservation
law allows the decay of oscillation 1 to the oscillation 2 and the continuous spec-
trum oscillation k and when the intrinsic nonlinear friction I"® of the oscillation 2
may be neglected. Then we get the set of differential-difference time-dependent
equations corresponding to (20) which is identical with that developed for non-
linear oscillators with a linear friction [8] the only difference being in the
explicit form of the constants. Using the results of [8] the following expressions
may be obtained for the correlator @,(¢) and its spectral representation

@ (w) = ;1{ Ref @Q:(t) exp (Twt) di;
0

. 1 1 - ~
(1) = exp[— Z(wl + Py — 5 Via— ) Vie + Vn)t -

iV + 4010 (22)

— (I, —T,+20I) t} {chat + [1 + — o (2n(wy) + 1)] X
2

YAl

1_ —1
X zshat} . tSopl
o

. . ~ __ 1 e FI—
@t = I§ + Vi + 475) (20(wy) + 1) + ¢ (T + 4702 -

Expression (22) describes, generally speaking, the complex asymmetric distri-
bution that may have a fine structure (corresponding to different levels of
oscillation 2). This structure is revealed when the oscillation interaction
constant | V,,| is large as coﬂr_npared with I, I, and I'1,. In this case the separa-
tion between bands is |V, while the width of the my-th peak is I, =
= Iy + I'y(1 + 2my) (1 + 2n(w,)) + 41'a(my + 1) — I',. The main contribu-
tion to these widths is connected with the term with I's.
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The fine structure becomes smeared out with decreasing | Vy,|. At V=0
the spectrum becomes symmetric but its shape is essentially non-Lorentzian.

In particular, if V;, = 0 and I'z > I, we have
| - p I'y + 4IM3(my + 1)
— -1 1 2
Qi(w) - [n(e2) + 1] mﬂz—‘o [y + 41'a(my + 1P + 0 P

The central part of this distribution is narrower and sharper than the Lorentzian
curve possessing the same wings and the same integral intensity.

(— Awgmy) . (23)

5. The Time Correlation Funetion of the Oceupation Numbers

Nonlinear friction being taken into account the form of the time correlation
function N ,(t) = (#,(t) (7,(0) — n,)> is qualitatively changed. To define it in
case of only one singled out oscillator one may use equations (4), (6), (7). Then

[ee]

Nyft) = (0 1) 2 my(m, 0); (24)
%g:’ h_ Zz‘ Dy(m, m) e y(m + 7, t); x(m, 0) = (m — n) e=@dm; (25)
2

2 x(m, 1) =0.

m=0

In case of purely linear friction (I"® = 0) a simple explicit expression may be
obtained for N,(¢) by going from (25) to the moment equations y,(¢) = 2 mEy(m, 1)

(the equation for yx(¢) does not contain subsequent moments). If the nonhnea,r
friction is other than zero but small (I'® < I') the iteration procedure results
in an expression for N,(¢):

S ; — 1 ,
Ny(t) = i + 1) e — 16my(n - 1P I'@te=2 IO LT > t> 07!
(26)

As may be seen from (26) the correlator N,(t) decreases non-exponentially in
time (faster than exp (— 21I%)) provided the nonlinear friction is taken into
consideration.

The non-exponential dependence of N; on ¢ is particularly noticeable in case
of purly nonlinear friction. Accordingly, the spectral representation N,(w) is
essentially non-Lorentzian. In the general case N (w) may be calculated numeri-
cally for any set of parameters [*®/["and Aw, by solving (25) in the w-represen-
tation. In particular at high temperatures these equations are reduced to a dif-
ferential equation

d d
Al ym) Ty + e+ 1) 4yl 2] L+

LR if*’—] U= (1 —x)exp (—);
2 2 -

jeo)

Refo(x)dx; fU(x) de =0.
0

0

Ny(w) =
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Fig. 5. Spectral distributions N;(w) at high tem-
peratures for different values of »(2)/I'. The
curves 1 to 4 refer to the following values of the
parameter )/ I": 0; 2; 10; 100. The figure shows
the right or left halves of the symmetrical curves

2R M) T 2y D) -

This equation being solved numerically®) it
becomes possible to get the curves for N;(w)
for various ratios of y® to I' (see Fig. 5).
It is particularly evident from Fig. 5 that
in the case of a purely nonlinear friction the
peak is essentially narrower than the Lorent-

wll+2y% -~

6. Discussion of Results

It follows from (10) that in the considered model the nonlinear friction appears
when the double frequency of the singled out oscillation lies in the range of
frequencies of a continuous spectrum. This means that ['® = 0 for high-
frequency local oscillations but ['® may differ from zero for gap oscillations if
,, < wy/2. Nonlinear friction is especially important (as compared with a linear
one) in case of weakly bound impurity centers when the amphtude of impurity
oscillations prevalls greatly that of the matrix atoms or when in the vicinity
of 2w, there is situated a peak in the density of states (that is a narrow band

whose width is nevertheless larger than Vi, I ). The strong nonlinear friction
arises also when the approximate equality 2m; =~ , is fulfilled for two singled
out oscillations. Then, if w; > 1y, > |Vy| I}, I'® and I, > |20, — w,, the con-
sideration given above is valid and ['(® = V3,,/I is particularly large (at I, <
< |1Vl &~ |20, — w,| resonance effects appear which demand special in-
vestigation [10]). In similar conditions strong nonlinear friction of quasi-local
oscillations also arises. 1f the interaction between singled out oscillations is
essential (|2w, — w,| 3> I',9) then in accordance with (21) a significant nonlinear
friction may appear at |w; + wy] < wy, i.e. even in case of high-frequency local
vibrations.

It may be concluded from the results obtained above that the nonlinear fric-
tion greatly influences the relaxation of singled out oscillations and changes
their spectral distribution. Thus the dependence of widths of lines constituting
the fine structure becomes quadratic in the number of the line m (instead of a
linear dependence at a purely linear friction). At T' <& < w, the nonlinear friction
malkes an exponentlally small contribution to the main line (m = 1) width but

') The equatlon (27) was solved by the method of finite differences using the equality

U(o0) = 0. To satisfy the integral condition U(0) was determined by combining solutions

corresponding to arbitrarily chosen U(0). Such a scheme appears to be stable relative to
this choice,
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this contribution increases rapidly with rising temperature. In the classical limit
the broadening due to nonlinear friction is proportional to temperature. In
the case of quasi-local vibrations the linear friction is often almost independent
of T. Therefore in this case the temperature increase leads to greater impor-
tance of both the nonlinear friction ) ~ 7T and the characteristic of non-equi-
distancy v ~ I'. At the same time the constant v/y® does not depend on T
and the curves in Fig. 2 to 4 show actually the temperature dependence of
corresponding parameters. The fact, obvious from Fig. 1 to 5, that the distribu-
tion becomes narrower in its central part with the growth of nonlinear friction
is connected, in fact, to the decrease in the friction force with amplitude
damping.

Nonlinear friction is due to terms of the type (a, -+ ai)? (ax + af) in H,.
Such terms contribute also greatly to the integral intensity of the infrared ab-
gorption peak. It is difficult to investigate this problem with the method used
here. It has been considered in a series of works for the non-resonance case and
in [11] the possibility of resonance was taken into account.
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