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Charged lattice gas with a neutralizing background
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We study a model that was first introduced to describe the ordering of two different types of positive ions in
the metal planes of layered hydroxides Ni12xAl x(OH)2(CO3)x/2•yH2O. The ordering is assumed to occur due
to long-range Coulomb interactions, and overall charge neutrality is provided by a negative background
representing the hydroxide planes and CO3

22 anions. The previous study was restricted to the ground-state
properties. Here we use a Monte Carlo technique to extend the study to finite temperatures. The model predicts
that, at some values of the concentrationx, the system can exhibit an instability and phase separate. In order to
evaluate the precision of these Monte Carlo procedures, we first study a linear chain with finite-range interac-
tions where exact solutions can be obtained using a transfer-matrix method. For a linear chain with infinite-
range interactions, we use a devil’s staircase formalism to obtain the dependence of the energy of the equilib-
rium configurations onx. Finally we study the two-dimensional triangular lattice using the same Monte Carlo
techniques. In spite of its simplicity, the model predicts multiple first-order phase transitions. The model can be
useful in applications such as modeling of the ordering of intercalated metal ions in positive electrodes of
lithium batteries or in graphite.
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I. INTRODUCTION

In this paper we continue a study of a model that one
us studied previously.1 The model was introduced to describ
the possible ordering of metal ions that can occur
aluminum-substituted layered nickel double hydroxid
Ni12xAl x(OH)2(CO3)x/2•yH2O.2–6

The Ni ions in Ni(OH)2 occupy the octahedral holes b
tween alternate pairs of OH planes and thus form a triang
lattice identical to that adopted by the OH ions. The tw
planes of OH ions, with the plane of Ni atoms between the
form a brucitelike layer of the host structure.7

Ni(OH)2 can exist in two polymorphous crystal structur
denoted asa and b. Both structures consist of brucitelik
layers that are well ordered in theb phase and randomly
stacked in thea phase. The interlayer spacing~gallery! in the
a phase is usually significantly larger than that in theb
phase due to the large number of water molecules and
ionic species that can penetrate into the galleries.8

Nickel hydroxide Ni(OH)2 in the b phase has been ex
tensively used as a material for the positive electrode in
chargeable alkaline batteries.9 However it has been show
that electrodes based on thea-phase hydroxide have a bigge
charge capacity, lower charge, and higher discha
voltages.10,11 Unfortunately thea phase reverts to theb
phase in the alkaline medium~KOH, for example! which is
used in batteries. Thus the stabilization of thea phase of
Ni(OH)2 in an alkaline medium is an important goal to rea
for use in potential applications. To enhance the Ni(OH2
stability many studies of the partial substitution of metal io
~Al, for example! for Ni in the lattice of nickel hydroxide
have been carried out.12–15

When Ni21 ions are substituted by Al31 ions in the metal
0163-1829/2003/67~22!/224109~12!/$20.00 67 2241
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sheets,@CO3#22 anions accumulate in the galleries in su
an amount that total charge neutrality is preserved. T
amount of water in the galleries depends on the prepara
method; the general formula of the aluminum-substitu
layered nickel hydroxide is Ni12xAl x(OH)2(CO3)x/2
•yH2O.

It is natural to expect that the stability of these compoun
is composition dependent and also depends on the prep
tion technique. Different authors were able to synthesize l
ered hydroxides with different concentrations of aluminu
In particular, the range 0<x<0.4 has been reported.7 Not all
ranges of compositionx are accessible due to the limite
number of@CO3#22 ions and water molecules that can pe
etrate into the gallery.

Possible orderings of the Ni and Al ions in the me
planes can also affect the stability of the compound. Sev
authors have reported observations of in-plane ordering
metal ions.2–6 Ordering of ions was observed near the valu
of x equal to 1/4 and 1/3 that are in registry with the ho
geometry of a triangular lattice. However, as far as we kno
there are no detailed experimental studies of the orderin
a function of compositionx.

The ordering of metal ions in alloys is often consider
within the framework of a lattice gas model in which on
interactions between neighbors that are not separated
large distances are taken into account because of the
tively short screening length16–18caused by free electrons.
is generally accepted that in layered hydroxides the Coulo
interaction between positively charged metal planes, ne
tively charged hydroxide planes, and negatively charged
ions @CO3#22 in the galleries is important. The screenin
length in layered hydroxides should be significantly larg
than that in metal alloys, because dielectric screening cau
©2003 The American Physical Society09-1
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by water and other polar molecules is weaker than scree
caused by free electrons. Thus a model that takes into
count long-range Coulomb interaction and interaction
tween positive metal ions in the plane with negative hydr
ides layers and negative anions in the galleries might
more suitable than a lattice-gas model to describe the or
ing of metal ions in layered double hydroxides. The role
ordering due to Coulomb interactions has been discusse
Thompson.19

We have previously suggested a simple model to desc
the ordering of metal ions in layered hydroxides.1 In this
model two kinds of positively charged metal ions occupy
sites of a triangular lattice. The lattice is immersed in a ne
tively charged background which represents the hydrox
layers and negative anions in the galleries. It was assu
that the background charge is the same at every site of
triangular lattice. Thus the total charge at every site is form
by the positive charge due to the metal ion and the nega
background charge. The interaction potential between s
was assumed to be a long-range 1/r Coulomb type.

In the previous work1 the dependence of the ground-sta
energy of this model system on the concentration of Al w
studied assuming a homogeneous concentration of metal
in the plane. Equilibrium ordering configurations of ions th
can occur at each concentration in the range 0<x<1 were
calculated along with corresponding x-ray-diffraction p
terns.

In this paper we suggest a different interpretation of
previous results. It will be shown that at some concentrati
x the system is unstable with respect to phase separation
phases with concentrationsx1 and x2 such thatx1,x,x2.
We calculate the phase diagram of the system in the (T,x)
plane using the grand canonical ensemble by introducin
chemical potentialm . In the case of the layered hydroxide
the chemical potential under consideration is not related
the voltage on the electrodes and represents only a us
way to obtain the phase diagram.

The model is quite general and can be employed to
scribe ordering and first-order phase transitions in ionic s
tems with long range interactions. It may have some ap
cation to the ordering of intercalated Li ions in rechargea
Li batteries.19–21 Predicted phase separations can lead to
staging at which homogenous planes with different conc
trations of metal ions will form. In-plane long-range intera
tion in this case can be similar to that occurring in stag
graphite intercalation compounds.22,23

The paper is organized as follows. In Sec. II we define
model. Then in Sec. III we discuss the details of the Mo
Carlo ~MC! method that was used to obtain the phase d
grams. Section IV describes an application of the metho
the linear chain. Sections IV A and IV B are devoted to t
case of finite ranges of interactions wherein an exact solu
can be obtained usingtransfer-matrixtechniques. The cas
of a linear chain with infinite-range Coulomb interaction
which the energies of equilibrium configurations can be c
culated exactly using thedevil’s staircasemethod is dis-
cussed in Sec. IV C. Finally in Sec. V we study the case
the two-dimensional triangular lattice. Our results are su
marized in the conclusion.
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II. MODEL

We consider a system composed of two types of posi
ions which occupy the sites of some lattice. Every site of
lattice is occupied either by ablack ion with chargeQb or by
a white ion with chargeQw . The concentration of black ion
is x and the concentration of white ions is 12x. In addition
to these two types of positive ions there is also a nega
compensating uniform background chargeq, at every site of
the lattice, that ensures charge neutrality in the syst
Hence at any sitei we have a total charge equal to eith
Db5Qb1q or Dw5Qw1q. The Hamiltonian of the system
of charges can be written in terms of the pairwise inter
tions Vi j as

H5(
i , j

Vi j D iD j . ~1!

For the Coulomb interaction,Vi j 51/Ri j , whereRi j is the
distance between sitesi and j. In the following we will also
consider the case of truncated Coulomb interaction for wh
there is interaction only between neighbors that are in so
range.

The value of the background charge depends on the
ues ofQb ,Qw , and on the concentrations of those ions. T
average charge per site due to the positive ions is

q̄5xQb1~12x!Qw . ~2!

The value of the charge that provides the uniform ba
ground with overall charge neutrality is then given
q52q̄. ThusDb5Qb1q5(Qb2Qw)(12x) and Dw5Qw
1q5(Qb2Qw)(2x). Introducing Ji j 5Vi j (Qb2Qw)2 we
rewrite Eq.~1! as

H5(
i , j

Ji j ~ni2x!~nj2x!, ~3!

whereni51 if site i is occupied by a black ion andni50 if
site i is occupied by white ion. Thus the precise values of
positive charges do not change the general properties o
model. From Eq.~3! it follows that at a fixed concentrationx,

H5(
i , j

Ji j ninj2x2(
i , j

Ji j . ~4!

Thus at a fixed concentration the model is essentially
lattice-gas model because in this case the second term in
~4! is the same for all configurations of ions. This term is d
to the neutralizing background and cancels the divergenc
the energy associated with the Coulomb repulsion when
interactions are of infinite range.

It is easy to estimate the values of the constantsJi j if the
lattice constant and chargesQb andQw are known. For the
aluminum-substituted layered nickel double hydroxidea
53.032 Å,7 Qb53e andQw52e. For the nearest neighbor
we have

J5Vnn~Qb2Qw!25
e2

ea
. ~5!
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Thus if we use a dielectric constant appropriate for watee
'80, thenJ.60 meV or about 500 K. Short-range scree
ing, due to the presence of water and other ions, can ef
tively decrease the values of theJi j .

In order to use the grand canonical ensemble to study
equilibrium properties of this system of charges, we ad
chemical-potential term2m( ini to the Hamiltonian. Now
the concentrationx can fluctuate and hence the backgrou
charge will also fluctuate. We write the grand canoni
Hamiltonian as

H5(
^ i j &

Ji j ~ni1q!~nj1q!2m(
i

ni , ~6!

whereq describes the uniform background charge which
adjusted to be equal toq52^ni&52x.

Our primary goal is to study the two-dimensional~2D!
triangular lattice with infinite-range Coulomb interaction
However, we first consider the linear chain as an exampl
gain a better understanding of the model since there are e
analytical methods that can be used in two limiting cas
finite-range interactions can be studied exactly us
transfer-matrix methods24 and infinite-range Coulomb inter
actions can be described in terms of a devil’s stairc
formalism.16 The study of the linear chain will give us in
sight into the precision of the numerical techniques that w
be used for the triangular lattice with Coulomb interactio

In the following sections we address these questio
What is the equilibrium structure of the charges for a giv
concentration of the ions? How does the equilibrium ene
of the system depend on the concentration of the ions? H
does the chemical potential depend on the average con
trations of the ions at different temperatures. Do phase t
sitions occur in the system and what is the phase diagram
the system at finite temperatures?

III. MONTE CARLO METHOD FOR SIMULATIONS
OF THE SYSTEM

We use a Metropolis algorithm25 to accept or reject el-
ementary moves that we perform on the charges to b
them into an equilibrium configuration. We use two differe
types of moves:A interchanges the positions ofblack and
white ions in the lattice.B changes thecolor of the ion at a
particular site.

The simulations can be carried out with either const
values of the concentration or with constant values of
chemical potential. In the case of simulations at a cons
value of concentration only moves of typeA were used. In
the case of simulations at a constant value of the chem
potential both types of moves,A and B, were used. TheA
move does not change the value of the background ch
since it does not change the concentration. TheB move
changes the concentration and thus the background ch
has to be changed at every site in the lattice. In orde
decide whether to accept or reject the move it is necessa
calculate the energy of the system before and after the m
We consider a lattice of sizeN in the case of the linear chai
andN3M for the triangular lattice. We apply standard pe
odic boundary conditions with respect to thiscentral zone.
22410
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Thus the central zone occurs in the center of the bigger
tice surrounded bysurrounding zones. In order to calculate
the energy of the system we calculate the energy of inte
tion between all sites inside the central zone and the ene
of interaction between the sites in the central zone with s
in all surrounding zones. Since the system is charge neu
the contribution to the energy from surrounding zones t
are far away from the central zone is much smaller than
contribution from surrounding zones that are close to
central zone. In fact, we found that ifN and M are of the
order of 10, then it is enough to consider the lattice of s
5N35M in order to calculate the energy with sufficient pr
cision for almost all concentrations. In other parts of th
paper we refer to the size of the central zone as the sam
size, with the periodic boundary conditions described abo

The total energy of the system given by Eq.~3! can be
separated into three parts which represent interactions
tween black-black, white-white, and black-white sites,

E5Ebb1Eww1Ebw . ~7!

It follows from Eq. ~3! that Ebb can be written as

Ebb5~12x!2(
i , j

Ji j ni
bnj

b . ~8!

In the sum above, the indexi runs over all sites in the centra
zone and the indexj over all sites in the central and su
rounding zones (iÞ j ). The quantityni

b is unity if a black ion
occupies sitei and zero otherwise. Using the notatio
sbb( j )5( j Ji j nj

b Eq. ~8! can be rewritten as

Ebb5~12x!2(
i

ni
bsbb~ i !5~12x!2sbb . ~9!

In the same manner we can writeEww5x2sww and Ebw
52x(12x)sbw . Then the energy of the system per site c
be written as

E5
1

2~N3M !
@~12x!2sbb12x~12x!sbw1x2sww#,

~10!

where the first term in square brackets comes from the in
action between black-black sites, the second from bla
white sites, and the third from white-white sites. It is easy
see from Eq.~10! that the equilibrium energy of the system
a symmetric function,E(x)5E(12x), with respect tox
51/2. The ground states corresponding to concentrationx
and 12x can be obtained from each other by changing
white sites into black sites and all black sites into white sit
In this casex↔12x, sbb↔sww , and sbw↔sbw , and it
follows from Eq. ~10! that the energy remains the same.
order to accept or reject the move we calculate the chang
DE2mDx. For calculation ofDE it is necessary to take into
account that if we turn a white sitei into a black site, then
charges at the sites corresponding to the sitei but situated in
the surrounding zones should be changed also. When a
ementary move is performed, the values ofsbb , sbw , and
sww can be updated by calculating the sumssbb( i ), sbw( i ),
9-3
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and sww( i ) for the particular sitei that participate in the
move. This significantly reduces the calculation time sinc
is not necessary to recalculate the energy of the whole la
again after every move.

We say that one MC step was performed if we make o
attempt to perform operationA or B. We say that one MC
sweepwas made if we make as many MC steps as there
sites in the sample. In simulations at a constantm we initially
tried to vary the frequency with which operationsA and B
were performed, but we found that a 1:1 ratio was close
the optimum value. For every value of the concentration
the chemical potential, simulations start at a relatively h
temperatureT.J. If simulations are to be performed at co
stantx then in the initial configuration black and white ion
in amounts corresponding tox are randomly distributed ove
the lattice sites. If simulations are to be performed at a c
stant value ofm, the initial configuration is less important.

We used the following criteria to check the equilibratio
of the system at a given temperature. We letĒ2 be the aver-
age value of the energy in the last ten MC sweeps andĒ1 the
average value of the energy in the previous ten MC swe
We let sE2

andsE1
be the average fluctuations of energy

those two cycles. IfuĒ22Ē1u< 1
10 min (sE1

,sE2
) then we say

that the system is sufficiently equilibrated in order to colle
the data. If this condition is not fulfilled another ten M
sweeps are made until this condition is met, and so on.

After the equilibration, in order to obtain statistics, w
calculated and stored the values of parameters of inte
after every MC sweep. Their convergence to equilibrium v
ues was verified by plotting them versus the number of
MC sweep. The number of required MC sweeps varied
pending on the size of the system, type of interaction,
temperature. When the necessary data at a temperatuT
were collected, the temperature was decreased by a s
amount dT. For smaller values of the temperatureT, a
smaller value ofdT was used.

It will be shown below that first-order phase transitio
occur in these systems. In other words ions on the lat
should separate into two parts with different concentrati
of the black ions in each part. Parts with different concen
tions of the black ions should also have different values
the background charge. But it is assumed in our model
the value of the background charge is the same everywh
Thus the background in our simulations does not allow
systems to split into parts with different concentrations a
thus does not allow the phase separation to be observe
rectly.

When we perform simulations at a constant value of
erage concentrationx̄, it is possible that we may choos
some particular average valuex̄ that cannot occur in a ho
mogeneous system. The energy curveE( x̄) obtained in this
case does not really give the dependence of energy on
centration, but rather shows when phase separation sh
occur. This is demonstrated explicitly in the next section
ing the linear chain as an example.

In simulations with a fixed value of the chemical potent
the phase transitions are more pronounced. At high temp
22410
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tures (T/J)>1, changes in the chemical potential lead

smooth changes in average concentrationx̄. However, at low

temperatures (T/J)!1, there are discontinuities in thex̄(m)
curve. We assume that the borders of the discontinuity reg
are the borders of the phase-separation region.

The situation at intermediate temperatures is more co
plicated. As an example, Fig. 1 shows the concentration
function of the number of MC sweeps for a 30330 triangu-
lar lattice for three values ofm at (T/J)50.08. The sharp

jump in concentration fromx̄.0.88 to x̄51 that occurs at

m/J50.606 shows that both concentrationsx̄.0.88 andx̄
51 lead to the same minimum value of Helmholtz free e
ergy and thus are stable. Homogeneous equilibrium confi

rations in the range of concentrations 0.88, x̄,1 have
higher values of the Helmholtz free energy and thus are
stable with respect to phase separation into two parts w
concentrationsx̄50.88 andx̄51.

Figure 2 shows the histogram of the distribution of co
centrations corresponding to those in Fig. 1. Peak positi
give us the values of average concentrations. For some
ticular values ofm the system migrates between two signi
cantly different concentrations, as, for example, form
50.606. We assume in this case that there is phase se
tion, and relative areas under two peaks give us the rela
sizes of the two phases. Thus the appearance or disap
ance of a peak tells us about the appearance or disappea
of a phase. We use the positions of the peaks when t
appear or disappear as the borders of the two phase coe
ence regions.

At low temperatures (T/J)!1 our MC procedure be-
comes less effective and the system can become froze
some configurations. One of the reasons for this is the lo
character of the movesA andB that we use to search for
new configurations, e.g., every MC move involves only o
or two sites. To study the properties of the system at very
temperatures and critical behavior of the model~when simu-

FIG. 1. Dependence of the concentrationx̄ on MC sweeps at
fixed values of the chemical potentialm at temperature (T/J)
50.08 for the triangular lattice with 30330 sites in the sample. The
values ofm are shown near their corresponding curves.
9-4
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lations of the large systems are required! it might be useful to
implement other simulation methods,26 but that is not the
objective of the present work.

IV. LINEAR CHAIN

There are two exact analytical methods to study the mo
in the one-dimensional case of the linear chain. In particu
if the Coulomb interaction is truncated at some distance t
a transfer-matrix24 technique can be applied to calculate t
free energy as a function of chemical potential and temp
ture. Then the dependencex(m,T) can be studied and th
phase diagram can be obtained.

In the case of the infinite-range Coulomb interaction
T50, a devil’s staircase16 formalism can be used to predic
the equilibrium structure for any concentration and calcul
the ground state energy of the system. In both cases e
results will be compared with the results of simulations
establish the precision of the numerical methods.

A. Nearest-neighbors interaction

If we restrict the range of interaction to nearest neighb
only, the Hamiltonian becomes

H5J(
i

~ni1q!~ni 111q!2m(
i

ni . ~11!

Initially we assume thatq is a constant and is not connecte
with concentration. Then the grand partition functionZN for
a cyclic chain ofN sites can be expressed in terms of t
largest eigenvalue of the 232 transfer matrix asZN5lmax

N

with

lmax5
e2bJq2

2
@11g1A~g21!214gebJ#, ~12!

FIG. 2. Histograms that show distributions of concentrations
the curves from Fig. 1. Data were collected over 10 000 M
sweeps. The sharp peak corresponding to (m/J)50.315 has a
height 4000. The peak corresponding to (m/J)50.606 has a heigh
1700.
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whereg5eb(m12Jq2J) andb51/(kBT). The grand potential
per site is given byV52kBT ln@lmax#. Using the fact that
x̄5^ni&5]V/]m, we can findx̄ as a function of the inde-
pendent variablesT and m. The resulting expression ca
then be inverted using the charge neutrality requireme
q52 x̄, to obtainm in terms ofx̄ andT with the following
result:

m5J22Jx̄1
2

b
sinh21F ~ x̄21/2!ebJ/2

Ax̄~12 x̄!
G . ~13!

Figure 3 shows the transfer-matrix predictions for them

versusx̄ curves for various values ofT/J and also the results
of numerical simulations. The upper left frame shows t
results of the transfer-matrix calculations at various tempe
tures.

Note thatm50 corresponds tox̄51/2. At high tempera-
tures,m is a monotonically increasing function ofx̄ but at
low temperatures,m has regions in which the slope is neg
tive. This behavior is thermodynamically unstable and in
cates that phase separation occurs. The upper right fr
shows transfer-matrix predictions and the results of simu
tions at (T/J)50.50. Simulation points lie on top of th
exact curve. The lower left frame shows the results at te
perature (T/J)50.20 which is just above the maximum tem
perature for which phase separation occurs. The regions
a low density of simulation points indicate the appearance
the regions of phase separation that occur at lower temp
tures. The concentrationx̄ in this region is the average ove
the two peaks that occurs at the intermediate temperature
shown in Fig. 1 and Fig. 2. The lower right frame at (T/J)
50.10 clearly shows the sharp jumps in concentration t
occur at low temperatures.

In the simulations, phase separation manifests itself a
discontinuity in the dependencex̄(m). In contrast, a second

r

FIG. 3. Dependence of the chemical potentialm on the average

concentrationx̄ for the case of a linear chain with interaction lim
ited to nearest neighbors only. The plateaus seen in simulation
(T/J)50.10 correspond to the regions of phase separation.
9-5
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order transition would correspond tom increasing monotoni-
cally with a discontinuity in slope.

The first-order transition can also be seen in plots of
grand potential per site,V, versus chemical potential. Loop
corresponding to the unstable branches appear at low
peratures. However, we find it more convenient to plot
Helmholtz free energy per site,F5V1 x̄m, or the internal
energy per site,E, as a function of the concentrationx̄.

A finite temperature phase transition is not expected
one dimension for finite-range interactions. However,
presence of the background charge effectively makes thi
infinite-range problem and produces a first-order phase t
sition at a finite temperature. This behavior is similar to th
in the van der Waals theory of liquids where long-range
tractive interactions lead to condensation phenomena.

Figure 4 shows both energyE and Helmholtz free energy
F5E2TS as functions ofx̄ at (T/J)50.05. The difference
between these two curves is due to the entropy of the sys
The difference between these two curves is significant,
cause the entropy plays an important role even at quite
temperatures.

Since x̄ is the independent coordinate, we apply t
double tangent rule to the Helmholtz free energyF ~or to the
energy curve atT50) to determine the equilibrium concen
tration. The slope of the tangent line gives the value of
chemical potentialm. This predicts that atT50 the system
will separate into two phases with concentrations 0 and 1/
x̄ is between those two concentrations. If 1/2, x̄,1 then the
system will separate into two phases with concentrations
and 1. Hence a plot ofm versusx̄ should display flat hori-
zontal sections at values ofm corresponding to the slopes o
the double tangent lines. This process is equivalent to a M
well construction applied to the regions in Fig. 3 at which t
m(x) dependence has a negative slope.

If in MC simulations we are trying to produce theE( x̄)
curve and we fix the concentration at a particular value t
cannot exist homogeneously across the system, then we

FIG. 4. Energy and Helmholtz free energy as functions of

average concentrationx̄ at temperature (T/J)50.05 for a linear
chain with interaction limited to nearest neighbors only.
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ate an internal stress in the system: the ions tend to sep
into two phases but the background charge, through C
lomb interaction, does not allow this phase separation si
it is constrained to be uniform. This stress should effectiv
increase the value of the energyE( x̄) in the simulations. It is
possible sometimes to see in structures obtained from si
lations the tendency to phase separate. In Fig. 5 one
clearly see this tendency for the phase separation: The a
age concentration in the top row is 1/2 while the avera
concentration in the bottom row is 1/3.

Figure 6 shows the phase diagram in the temperatu
concentration plane. The solid curve is the transition te
peratureTc . This curve was obtained using the equal ar
rule applied to them versusx̄ curves~see Fig. 3! obtained
from Eq. ~13!. The dashed curve is the spinodal which co
responds to the locus of points for which (]m/] x̄)50. The
spinodal is only shown in the regionx,1/2 but it is sym-

e

FIG. 5. The linear chain sample of 120 sites with interactions

to fifth neighbors included atx̄53/850.375 and temperature
(T/J)50.01. The second row from the top is the continuation of
first row, and so on. The picture illustrates the tendency of
system to phase separate: In the top rowx'1/2, while in the bot-
tom row x'1/3. Separation cannot really occur due to the sa

background charge at every site of the chain that correspondsx̄
53/8.

FIG. 6. Phase diagram for a linear chain with nearest-neigh
interactions. The solid lines indicate the borders of the pha
separation regions. The dashed curve shown forx,1/2 only is the
spinodal curve. Both curves were obtained with the transfer-ma
method. The points on the right show the results of the simulati
performed on lattices with different sample sizes.
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CHARGED LATTICE GAS WITH A NEUTRALIZING . . . PHYSICAL REVIEW B67, 224109 ~2003!
metric with respect tox51/2. The regions between solid an
dashed curves correspond to the regions of metastability

In order to obtain the phase diagram in MC simulations
low temperatures (T/J)<0.12 we refer back to Fig. 3. Th
plateaus in them(x) dependence give us the concentratio
for which phase separation occurs. In other words, any c
centration on any plateau should split into the two conc
trations on the edges of the same plateau. Thus the edg
the plateaus give us the borders of the two phase coexist
regions and the phase diagram of the system. This appr
gives good agreement with exact results at low temperat
but fails at intermediate temperatures when fluctuations
the concentration are big or when the system migrates
tween two different concentrations. To obtain the phase
gram at intermediate temperatures 0.14<(T/J)<0.20 we
used the observations and interpretation that we discuss
Sec. III. In Fig. 6 data for the sample with 90 sites we
obtained from the borders of the jumps inx(m) curves
shown in Fig. 3. The remaining points are obtained from
distribution of concentrations at differentT and m using
larger sample sizes. The peaks in the distributions of conc
trations for the sample with 480 sites are narrower than th
with 240 sites, as expected. The full width at half maximu
for the peaks at temperatures (T/J).0.14 is about 0.05 and
at temperature (T/J).0.18 about 0.1. Thus at temperatu
(T/J).0.18 peaks corresponding to two different concent
tions overlap.

The good agreement between the exact phase diagram
the one obtained from simulations indicates that our interp
tation of the histogram of the concentration frequencies
correct. It also indicates the precision of our technique.

B. Finite range of interaction

The Hamiltonian of the model at fixed concentrationx is
given by Eq.~3!. In the case of nearest-neighbor interacti
J1 and second-neighbor interactionJ2 only, the ground-state
energy can be obtained directly using the following reas
ing: for concentrations in the range 0,x,1/3, the back-
ground charges~white charges! contribute an amount2(J1
1J2)x2 to the energy per site from the last term in Eq.~4!.
The black charges can be placed on every third site so a
avoid the repulsion in the first term. However, in the conc
tration range 1/3,x,1/2 the repulsive interactions contrib
ute an additional amount (J11J2)(x21/3) to the energy.
The energy in the range 1/2,x,1 is obtained using the
symmetry propertyE(x)5E(12x). Similar reasoning can
be used for larger ranges of the interactions but the exp
sions become more complicated.

Figure 7 shows the ground-state energies as a functio
concentrationx̄ at T50, for finite-range interactionsJn
5J/n, where the truncation is aftern51, 2, 3, 4, 5, and 6.
The solid curves were obtained using the arguments
scribed above and were verified using the numerical trans
matrix method results at very low temperatures. The M
simulations were performed on lattice samples with 90 a
180 sites and periodic boundary conditions.

Panel 2 in Fig. 7 shows the energy curve for the inter
tion between nearest and second-nearest neighbors only
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easy to see that forx̄51/2 it is energetically favorable for the
system to split into two parts with different average conce
trationsx̄151/3 andx̄252/3.

If we apply the double tangent construction to theE( x̄)
curves in Fig. 7, corresponding to interactions with larg
range, we find additional transitions compared to the near
neighbor case. For interaction up to second neighbors
have first-order transitions fromx50 to x51/3, x51/3 to
x52/3, andx52/3 to x51. For neighbors up to the third
included, there are four transitions involvingx50, 1/4, 1/2,
3/4, and 1.

As the range of interaction increases there is an increa
amount of structure in the energy curves but the double
gent construction does not always lead to an increasing n
ber of transitions. It is shown in the next section that in t
limit of Coulomb interactions, the energy curve approache
form which predicts only four transitions involving the va
uesx50, 1/3, 1/2, 2/3, and 1.

Phase separations predicted from the energy curves
not occur in our MC simulations because this phase sep
tion requires two different values of the background char
while in our simulations background charge is constrained
have the same value at every site. However, if concentrat
of the two parts are close to each other then the tendenc
phase separate can be seen even if the value of the b
ground charge is the same everywhere as shown in Fig
This behavior can also be seen on the fifth panel of Fig

FIG. 7. Dependence of the energy per site on concentration
very low temperatures, for the linear chain with interaction exte
ing up to first, second, third, forth, fifth, and sixth neighbors. Poi
from simulations are plotted on top of the exact solid curves
tained with the transfer-matrix technique. The dotted curve sho
the limiting case of infinite-range Coulomb interaction.
9-7
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V. A. LEVASHOV, M. F. THORPE, AND B. W. SOUTHERN PHYSICAL REVIEW B67, 224109 ~2003!
that shows a disagreement between the exact curve an
sults of simulations for the case of interaction up to fi
neighbors. There is a region between 0.325< x̄<0.425 in
which simulation points seem to follow a horizontal lin
while the exact curve has a peak in this region. We beli
that the origin for this behavior is the tendency to pha
separate as described above. Thus every simulated poi
this region is a weighted average of two concentrations
correspond to the edges of this horizontal region. The we
is proportional to the fraction of the whole sample.

In order to apply the transfer-matrix method to the ca
with range of interactionn>2 neighbors, we can group th
sites into consecutive blocks of lengthn and the interactions
are then only between nearest blocks. The transfer-ma
formalism can be used again, but the Hamiltonian given
Eq. ~6! leads to the transfer matrix of size 2n32n and it is
difficult or impossible to solve the problem analyticall
However, it is possible to calculate the largest eigenvalue
the transfer matrix numerically and obtain the thermod
namic properties. We have used this method to study
energy, Helmholtz free energy, and chemical potential a
function of concentrationx̄. Our results are in agreemen
with the predictions made from the energy curves, shown
Fig. 7.

C. Infinite-range Coulomb interaction

If Ji j correspond to the bare Coulomb interaction, the
teractions satisfy the positivity and convexity condition16

which allows the ground state to be found for any ratio
value of x̄. If x̄51/n wheren is an integer, then the blac
charges are equally spaced along the chain at a distancen
neighbors apart and form the one-dimensional analog of
Wigner lattice.27 In the more general case in whichx̄5p/q is
the ratio of two integers, the ground-state configuration
periodic with periodq and hasp black charges in each cell. I
there is a black charge at site 0 then black charges are a
sites with numbers@nq/p#5@n/ x̄# where n is any integer
and @A# denotes the integer part ofA. Since the structure is
known for any rational value ofx the ground-state energ
can be calculated using the same techniques that were
to calculate energies in MC simulations. But since in t
case it is not necessary to run a relaxation procedure, m
larger samples can be considered.

Figure 8 shows the ground-state energy as a functionx
for the Coulomb potential obtained using both the ex
ground-state configurations and our simulation techniq
The value of the energy atx51/2 corresponds to alternatin
black and white charges and is equal to2(ln 2)/4. For
smaller values ofx51/n corresponding to periodn Wigner
lattices of equally spaced black charges, the energy per s
given byE5x2ln x. For values ofx between these values th
energy is slightly larger than if we use the same formula
all x. The energy curve has a sequence of cusps located
rational values ofx ~devil’s staircase!.

Since at T50, the chemical potential is given bym
5]E/]x, we predict that at zero temperaturem versusx̄ will
display a series of jumps as shown in Fig. 9. The dou
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tangent rule applied to the energy curve predicts phase s

rations for some values ofx̄. For 0,x,1/3, the system
should separate into phases withx50 andx51/3 whereas,
for 1/3,x,1/2, it should separate into phases withx51/3
andx51/2.

Phase separation is a result of the second term in Eq.~4!,
which is entirely due to the background. It corresponds t
long-range attractive interaction. In the absence of the ba
ground, the model would not display phase separation
the chemical potential versus concentration curve would b

FIG. 9. Dependence of the chemical potentialm on concentra-

tion x̄ for the linear chain with Coulomb interaction in the regio

x̄.1/2. The solid line shows the limit of zero temperature obtain
from the energy curve in Fig. 8. The inset shows the results fr
the lattice sample with 960 sites at very low temperatures in

whole range 0, x̄,1.

FIG. 8. Energy per site as a function of concentrationx̄ for a
linear chain with Coulomb interactions. The solid curve was o
tained by knowing equilibrium structures predicted with the dev
staircase formalism on the lattice sample with 1000 sites. Circ
show the results of the MC simulations at low temperature
samples with 180 sites.
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CHARGED LATTICE GAS WITH A NEUTRALIZING . . . PHYSICAL REVIEW B67, 224109 ~2003!
devil’s staircase with an infinite number of jumps corr
sponding to the rational values ofx.

The devil’s staircase formalism can be used to obtain
E( x̄) curve at zero temperature and thus predictm(x) depen-
dence at zero temperature. In order to obtain them(x) de-
pendence at nonzero temperature we used MC simulati
The m(x) curves at several temperatures obtained from M
simulations are shown in Fig. 9. Simulations were perform
on samples with 60, 90, 120, 180, and 960 sites. The rol
size effects can be seen for the curve (T/J)50.10 for which
the results from the samples with 60 and 180 sites are sho
For higher temperatures the differences are less signific
We found that up to very low temperatures there are alm
no differences between the results on samples with 120
180 sites.

The inset in Fig. 9 shows a rather large difference
tween the predictions form(x) from the devil’s staircase for
malism and from the results of simulations at low tempe
tures. There can be several reasons for this disagreem
One reason, discussed earlier, is that simulations at low t
peratures may not be reliable since the system can bec
frozen in some local minima that it cannot leave due to
large transition barrier associated with the local characte
movesA andB. On the other hand the entropy contributio
can make the ‘‘cusp’’ atx51/3 andx52/3 in theE( x̄) de-
pendence more ‘‘rounded’’ and this can lead to an exten
range of chemical potential near concentrationsx51/3 and
x52/3 on them(x) curve.

In order to obtain the phase diagram shown in Fig. 10
used the MC technique already discussed above. As
pected, the size of the plateaus corresponding to the reg
of phase separation decreases as the temperature incr
and the concentrations of both phases become the sam
the critical temperature. Only half of the phase diagram
shown since it is symmetric with respect tox51/2. At tem-
peratures 0.04<(T/J)<0.08 the data were obtained using
sample with 480 sites. At other temperatures the data w
obtained using a sample with 960 sites. There are three
tinct regions of phase separation that correspond to the
lowing transitions in concentration at zero temperature:

FIG. 10. Phase diagram for the linear chain with Coulomb
teractions in the regionx.1/2 obtained from MC simulations.
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→2/3 with critical temperature (T/J).0.03, 2/3→3/4 with
critical temperature (T/J).0.0175, and 3/4→1 with critical
temperature (T/J).0.11.

V. TRIANGULAR LATTICE

The Hamiltonian for the triangular lattice with Coulom
interaction is given by Eq.~6! to be

H5(̂
i j &

Ji j ~ni1q!~nj1q!2m(
i

ni . ~14!

The details of model and simulation techniques were
scribed in Secs. II and III. In the 2D case with long-ran
interaction we used MC simulations as the main method
study the system. Different sample sizes were used in
previous study1 in order to obtainE( x̄) dependence as show
in Fig. 11.

For the triangular lattice there are multiple ‘‘cusps’’ in th
E( x̄) curve that are similar to the devil’s staircase behav
in the case of the one-dimensional chain. In the region
< x̄<1 significant cusps in theE( x̄) curve occur at concen
trations 1/2, 2/3, 3/5, 3/4, and 6/7.

Ground-state configurations forx51/2, 3/5, 2/3, and 3/4
are shown in Fig. 12. Ion distributions obtained on the
330 sample with MC simulations at three different values
m at (T/J)50.01 are shown in Fig. 13. In the ground state
x56/7 white sites should form a triangular Wigner lattic
with the spacingaA7 between ions.1

For values of x51/(m21n21mn)<1/3 or 12x>2/3
wherem and n are integers, the ground-state configuratio
are triangular Wigner crystals27,28 and the ground-state en
ergy can be calculated exactly using the numerical formal
of Bonsall and Maradudin.29 For these triangular Wigne
crystal structures the energy is given exactly30 by E(x)5
22.106 712 62(x3/22x2). Betweenx51/2 andx52/3, the
ground-state configurations have a rectangular rather than
angular geometry. Regular rectangular structures can

-
FIG. 11. Energy per site as a function of concentrationx̄ for the

triangular lattice with Coulomb interactions. The solid curve co
nects the points obtained by simulations in previous work~Ref. 1!.
Dashed vertical lines give the position of concentrations that
stable in MC simulations at very low temperatures.
9-9
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V. A. LEVASHOV, M. F. THORPE, AND B. W. SOUTHERN PHYSICAL REVIEW B67, 224109 ~2003!
formed at concentrationsx5 l /@2(l 11)#, where l is any
integer.1 Thus l 54 corresponds tox52/5 and is the same
structure as forx53/5 with the interchange of black an
white sites. The same numerial method29 can be used
again to obtain E(3/5)520.170 980 3 and E(1/2)
520.175 558 9.

The first row of Table I shows the values of the energ
obtained from simulations at (T/J)50.002 with sample sizes
'18318. For every concentration, the sample size was c
sen to be commensurate with a particular concentration.
second row shows the results of simulations from the lat
samples of size'30330. The third row of the table show
the exact values of the energies obtained with the metho
Bonsall and Maradudin.

The major difference between the simulated and the e
values arises because our simulation method cannot rela
system to the exact ground-state configurations for conc
trations 1/2, 3/5, 3/4, and 6/7. On the other hand it is eas
obtain the ground-state configuration forx52/3 and the
agreement between the simulated and the exact values o
energy is much better in this case.

Double tangent construction applied to the energy cu
in Fig. 11 shows that only concentrations 0, 1/4, 1/3, 1/2, 2
3/4, and 1 are stable with respect to the phase separatio
zero temperature. Thus at zero temperature the syste
always a mixture of parts with these concentrations. For

FIG. 12. Ground-state configurations for the triangular latt
with Coulomb interaction forx51/2, 3/5, 2/3, and3/4.
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ample, if x̄ is between 0 and 1/4 then the system should s
into two homogeneous parts withx50 in one part andx
51/4 in another.

The slope of the double tangent lines gives the values
chemical potential at which the transition from one conce
tration to another should occur. In the regionx.1/2 we have
(m/J)1/2→2/350.0003, (m/J)2/3→3/450.5087, and
(m/J)3/4→150.5159. The corresponding dependencem(x) at
zero temperature is shown in Fig. 14 as the dotted curve

Direct simulations of them(x) curve were performed on
lattices of different sample sizes 939, 18318, 18320, 24
324, and 30330. Some results are shown in Fig. 1
Crosses for the sample size 18318 show that there is no
large difference with the results obtained on the sample
size 939 at (T/J)50.10. For higher temperatures the d
ference is even less significant.

When we consider long-range interactions in two dime
sions, the amount of time needed to calculate the ener
before and after the MC step increases quickly with the s
of the system. In order to save time we tried to perfo
calculations on smaller samples when possible. Thus at h
temperatures, we performed simulations on small 939
samples. Every point is the result of averaging over 20 0
MC sweeps. Even at (T/J)50.05 there is almost no differ
ence between the results of simulations on the lattices
318 and 30330. However, at very low temperatures, the
are some structures that can be observed only on la
samples. For example, at a temperature (T/J)<0.03 we can
clearly see concentrations 3/5 and 6/7 on the 30330 sample,
but we cannot see these concentrations on the 18318 sample
and they are not pronounced in the case of the 24324
sample.

FIG. 13. Lattice structures obtained from simulations at th
different values ofm at (T/J)50.01. Concentrations of black ion
are close tox51/250.5, x53/550.6, andx56/7.0.857 for the
pictures from left to right.
with
ith
TABLE I. Comparison of energies at special concentrations obtained in simulations on lattices
sample sizes 18318 in the first row andx'30330 in the second row and exact values calculated w
method of Bonsall and Maradudin in the third row~Ref. 29!.

x̄ 1/2 3/5 2/3 3/4 6/7

Esim(18318) 20.17056 20.16534 20.16953 20.12450 20.06794
Esim(30330) 20.16964 20.16456 20.17070 20.12671 20.06807
Eexact 20.17556 20.17098 20.17136 20.13167 20.07076
9-10
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At low temperatures (T.0.01) there is a significant dif
ference between the direct simulations ofm(x) dependence
and the predictions from theE(x) curve. In the simulations
the ranges of stability~with respect to the change in chemic
potential! at concentrationsx51/4, 3/4, and 1/2 are muc
larger then they should be according to predictions from
energy curve, while at concentrationsx51/3 and 2/3 the
ranges of stability are smaller. In simulations we also
stable concentrations 2/5 and 3/5 that should not appea
cording to the energy curve. Several effects can lead to
disagreement.

First of all, the difference between the energy and
free-energy curves can be significant even at very low te
peratures. This difference can lead to higher stabilities
some concentrations. Moreover, some concentrations
should not appear, as follows from the energy curve,
appear due to entropic contributions to the free energy.
example, configurations atx51/3 andx52/3 are highly or-
dered and have relatively small entropy. The concentrati
betweenx51/3 andx52/3 are highly disordered~large en-
tropy! and have approximately the same energy as energ
the system at concentrations 1/3 and 2/3. Thus one can
pect that concentrations 1/3 and 2/3 will have a smaller ra
of stability in m, while concentration 1/2 will be more stab
than follows from energy curve predictions. This is in agre
ment with Fig. 14. This feature can also lead to the appe
ance of some configurations with 1/3,x,1/2 and 1/2,x
,2/3, for example,x52/5 andx53/5. It also explains why
we see these concentrations on larger samples and no
smaller samples.

Another reason can be in the way simulations were p
formed at a constant value of the concentration. For exam
if the system has an average concentration 1/2, x̄,2/3 then
it should separate into two parts with concentrationsx51/2
andx52/3. But since at every site the background charg
the same, the system cannot separate. This tendency o
system to phase separate, which cannot occur, creates
nal stress and effectively increases the energies of inter

FIG. 14. Dependence of chemical potentialm on concentration

x̄ for the triangular lattice with Coulomb interaction. For the cas
of temperatures (T/J)50.2 and (T/J)50.1 the size of the sample
was 939 and no points are shown since their density is high.
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diate concentrations. When simulations are performed a
constant value of the chemical potential there is no prob
connected with background charge that prohibits the ph
separation and there is no stress in the system. Thus ene
at intermediate concentrations effectively become smalle

The last reason that we can mention is the local chara
of the A and B operations that were used to introdu
changes in the system. Their local character can also bec
important at low temperatures.

All the reasons discussed above can lead to larger reg
of stability for concentrationsx51/4, 1/2, and 3/4 and to
smaller regions of stability for concentrationsx51/3 andx
52/3. They also explain the appearance of concentrati
x52/5 andx53/5.

One can obtain the phase diagram for the triangular lat
in the same way as for the linear chain. In order to obtain
phase diagram of the system at low temperature we ha
perform up to 100 000 MC sweeps on the lattice with t
sample size equal to 30330. The phase diagram of the tr
angular lattice is shown in Fig. 15. Only half of the pha
diagram is shown since it is symmetric with respect tox
51/2. There are five distinct regions of phase separation
correspond to the transitions in concentrations 1/2→3/5,
3/5→2/3, 2/3→3/4, 3/4→6/7, and 6/7→1 at zero tempera-
ture. Some regions of phase separation exist only at
temperature and it is difficult to obtain an accurate ph
boundary for them.

VI. CONCLUSION

We have introduced and studied a model to describe
possible ion orderings in layered double hydroxides. In
model, ions situated at the sites of the triangular lattice in
act through long-range Coulomb interaction. The exac
solvable example of the linear chain was used to obtain
sight into the model properties and to demonstrate the pr
sion of the MC simulation methods employed. The mod
predicts multiple phase transitions and phase-separation
gions.

Our results are in agreement with experimental meas
ments in the sense that concentrationsx51/4 andx51/3 are

s

FIG. 15. Phase diagram for the triangular lattice with Coulom
interaction in the regionx.1/2 obtained with MC simulations.
9-11



le
th
.

o
ry

be
i

a
y
si
g
ve
ov
u
n

ted
res
res.

ea-
ring

these

i,
eful
ni-
he
E-
arch
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special.2–6 However, a large number of predicted possib
phases with different fractions of metal ions can lead to
situation in which effects are hard to see in experiments
we assume that some phase separation occurs, then
should allow for the fact that there are different amounts
@CO3#22 anions in the different regions of the same galle
Regions with a large number of@CO3#22 anions should have
a larger interlayer spacing than regions with a small num
of @CO3#22 anions. This should lead to mechanical stress
the system, and that will also resist the tendency to ph
separate. This competition between the Coulomb tendenc
phase separate and mechanical stress can lead to the di
gration of the compounds and limit the composition ran
over which layered hydroxides can be synthesized. Howe
the effect of nonzero temperature can move the system,
the phase-separation boundary and bring the system to a
form distribution of charges. In this case there should be
ys
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internal stress in the compounds. Thus Al-substitu
layered-Ni hydroxides that are stable at higher temperatu
may become unstable and disintegrate at lower temperatu

It would be interesting to see detailed experimental m
surements that can support evidence for the charge orde
and the presence or absence of phase separation in
systems.
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