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Charged lattice gas with a neutralizing background
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We study a model that was first introduced to describe the ordering of two different types of positive ions in
the metal planes of layered hydroxides NjAl,(OH),(CQOs),,»- YH,O. The ordering is assumed to occur due
to long-range Coulomb interactions, and overall charge neutrality is provided by a negative background
representing the hydroxide planes and §C®nions. The previous study was restricted to the ground-state
properties. Here we use a Monte Carlo technique to extend the study to finite temperatures. The model predicts
that, at some values of the concentratiothe system can exhibit an instability and phase separate. In order to
evaluate the precision of these Monte Carlo procedures, we first study a linear chain with finite-range interac-
tions where exact solutions can be obtained using a transfer-matrix method. For a linear chain with infinite-
range interactions, we use a devil’s staircase formalism to obtain the dependence of the energy of the equilib-
rium configurations ox. Finally we study the two-dimensional triangular lattice using the same Monte Carlo
techniques. In spite of its simplicity, the model predicts multiple first-order phase transitions. The model can be
useful in applications such as modeling of the ordering of intercalated metal ions in positive electrodes of
lithium batteries or in graphite.
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. INTRODUCTION sheets[ CO;]?~ anions accumulate in the galleries in such
an amount that total charge neutrality is preserved. The
In this paper we continue a study of a model that one ofamount of water in the galleries depends on the preparation
us studied previouslyThe model was introduced to describe method; the general formula of the aluminum-substituted
the possible ordering of metal ions that can occur inlayered nickel hydroxide is Ni,Al,(OH),(COs)yp
aluminum-substituted layered nickel double hydroxides.yH,0.
Ni;_ Al (OH),(COy) - YH,0.27° It is natural to expect that the stability of these compounds
The Ni ions in Ni(OH), occupy the octahedral holes be- is composition dependent and also depends on the prepara-
tween alternate pairs of OH planes and thus form a triangulation technique. Different authors were able to synthesize lay-
lattice identical to that adopted by the OH ions. The twoered hydroxides with different concentrations of aluminum.
planes of OH ions, with the plane of Ni atoms between themin particular, the range€x=<0.4 has been reportédot all
form a brucitelike layer of the host structufe. ranges of compositiox are accessible due to the limited
Ni(OH), can exist in two polymorphous crystal structures number of{ CO;]?~ ions and water molecules that can pen-
denoted asy and . Both structures consist of brucitelike etrate into the gallery.
layers that are well ordered in the phase and randomly Possible orderings of the Ni and Al ions in the metal
stacked in thex phase. The interlayer spacifggllery) inthe  planes can also affect the stability of the compound. Several
a phase is usually significantly larger than that in e authors have reported observations of in-plane ordering of
phase due to the large number of water molecules and amaetal ions?~® Ordering of ions was observed near the values
ionic species that can penetrate into the galléties. of x equal to 1/4 and 1/3 that are in registry with the host
Nickel hydroxide Ni(OH) in the 8 phase has been ex- geometry of a triangular lattice. However, as far as we know,
tensively used as a material for the positive electrode in rethere are no detailed experimental studies of the ordering as
chargeable alkaline batterigddowever it has been shown a function of compositiorx.
that electrodes based on thephase hydroxide have a bigger  The ordering of metal ions in alloys is often considered
charge capacity, lower charge, and higher dischargevithin the framework of a lattice gas model in which only
voltagest®!! Unfortunately thea phase reverts to thg interactions between neighbors that are not separated by
phase in the alkaline mediufiKOH, for example¢ which is  large distances are taken into account because of the rela-
used in batteries. Thus the stabilization of thephase of tively short screening lengthi*8caused by free electrons. It
Ni(OH), in an alkaline medium is an important goal to reachis generally accepted that in layered hydroxides the Coulomb
for use in potential applications. To enhance the Ni(@H) interaction between positively charged metal planes, nega-
stability many studies of the partial substitution of metal ionstively charged hydroxide planes, and negatively charged an-
(Al, for example for Ni in the lattice of nickel hydroxide ions[CO;]?" in the galleries is important. The screening
have been carried ot ° length in layered hydroxides should be significantly larger
When NF' ions are substituted by Al ions in the metal than that in metal alloys, because dielectric screening caused
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by water and other polar molecules is weaker than screening Il. MODEL
caused by free electrons. Thus a model that takes into ac-
count long-range Coulomb interaction and interaction be

tween positive metal ions in the plane with negative hydroxy,ice is occupied either bylaackion with chargeQy, or by
ides layers and negative anions in the galleries might b pjteion with chargeQ,,. The concentration of black ions
more suitable than a lattice-gas model to describe the ordefz y and the concentration of white ions is-k. In addition

ing of metal ions in layered double hydroxides. The role ofi, these two types of positive ions there is also a negative
ordering due to Coulomb interactions has been discussed kampensating uniform background chargeat every site of

9
Thompson. . ) _the lattice, that ensures charge neutrality in the system.
We have previously suggested a simple model to describgence at any sité we have a total charge equal to either

the ordering of metal ions in layered hydroxidemn this Ap=Qp+q or A, =Q,+4. The Hamiltonian of the system

model two kinds of positively charged metal ions occupy theyt charges can be written in terms of the pairwise interac-
sites of a triangular lattice. The lattice is immersed in a negagons Vj; as

tively charged background which represents the hydroxide
layers and negative anions in the galleries. It was assumed
that the background charge is the same at every site of the H:E VijAiA;. 1)
triangular lattice. Thus the total charge at every site is formed =

by the positive charge due to the metal ion and the negativegr the Coulomb interactiorV;; = 1/R;; , whereR;; is the

background charge. The interaction potential between sitegistance between sitésandj. In the following we will also

was assumed to be a long-range Coulomb type. consider the case of truncated Coulomb interaction for which
In the previous workthe dependence of the ground-statethere is interaction only between neighbors that are in some

energy of this model system on the concentration of Al wasange.

studied aSSUming a homogeneous concentration of metal ions The value of the background Charge depends on the val-

in the plane. Equilibrium ordering configurations of ions thatyes ofQ, ,Q,,, and on the concentrations of those ions. The

can occur at each concentration in the rangex8<1 were  average charge per site due to the positive ions is
calculated along with corresponding x-ray-diffraction pat-

terns. g= _

In this paper we suggest a different interpretation of the A=XQp* (17X)Qu- @
previous results. It will be shown that at some concentrationdhe value of the charge that provides the uniform back-
x the system is unstable with respect to phase separation inggound with overall charge neutrality is then given by
phases with concentrations andx, such thatx;<x<x,.  q=-—0. ThusA,=Q,+9=(Q,—Q,)(1—x) andA,=Q,,

We calculate the phase diagram of the system in the)( +9=(Qp—Qy)(—X). Introducing J;;=V;;(Q,—Qy)* we
plane using the grand canonical ensemble by introducing gewrite Eq.(1) as

chemical potentiak . In the case of the layered hydroxides,

the chemical potential under consideration is not related to _ _ o

the voltage on the electrodes and represents only a useful H_i§<:j Ji (N =x)(nj=x), ®
way to obtain the phase diagram. - ) ) )

The model is quite general and can be employed to dewheren;=1 if sitei is occupied by a black ion ang =0 if
scribe ordering and first-order phase transitions in ionic sysSitei is occupied by white ion. Thus the precise values of the
tems with long range interactions. It may have some appliPositive charges do not change the general properties of the
cation to the ordering of intercalated Li ions in rechargeablenodel. From Eq(3) it follows that at a fixed concentration
Li batteries!®~?! Predicted phase separations can lead to the
staging at which_homogenous planes with different. concen- HZE Jijninj_xzz 3. (4)
trations of metal ions will form. In-plane long-range interac- i< i<i

tion in this case can be similar to that occurring in staged ] . ] )
graphite intercalation compoung?3 Thus at a fixed concentration the model is essentially a

The paper is organized as follows. In Sec. Il we define ouf@ttice-gas model because in this case the second term in Eq.
model. Then in Sec. Il we discuss the details of the Monte® is the same for all configurations of ions. This term is due
Carlo (MC) method that was used to obtain the phase dial® the neutralizing background and cancels the inergence of
grams. Section IV describes an application of the method t§1€ energy associated with the Coulomb repulsion when the
the linear chain. Sections IV A and IV B are devoted to theinteractions are of infinite range. .
case of finite ranges of interactions wherein an exact solution !t is easy to estimate the values of the constdtsf the
can be obtained usingansfer-matrixtechniques. The case lattice constant and charg€s, andQ,, are known. For the
of a linear chain with infinite-range Coulomb interaction in @luminum-substituted layered nickel double hydroxide
which the energies of equilibrium configurations can be cal-=3.032 A/ Q,=3e andQ,,= 2e. For the nearest neighbors
culated exactly using thelevil's staircasemethod is dis- We have
cussed in Sec. IV C. Finally in Sec. V we study the case of &
the two-dimensional triangular lattice. Our results are sum- _ -~ 2_ <
marized in the conclusion. I=Vin( Qo= Qu)™= 5 ®

We consider a system composed of two types of positive
jons which occupy the sites of some lattice. Every site of the
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Thus if we use a dielectric constant appropriate for water Thus the central zone occurs in the center of the bigger lat-
~80, thenJ=60 meV or about 500 K. Short-range screen-tice surrounded byurrounding zonesln order to calculate
ing, due to the presence of water and other ions, can effe¢he energy of the system we calculate the energy of interac-
tively decrease the values of thig . tion between all sites inside the central zone and the energy
In order to use the grand canonical ensemble to study thef interaction between the sites in the central zone with sites
equilibrium properties of this system of charges, we add an all surrounding zones. Since the system is charge neutral,
chemical-potential term-x=;n; to the Hamiltonian. Now the contribution to the energy from surrounding zones that
the concentratiorx can fluctuate and hence the backgroundare far away from the central zone is much smaller than the
charge will also fluctuate. We write the grand canonicalcontribution from surrounding zones that are close to the

Hamiltonian as central zone. In fact, we found that M and M are of the
order of 10, then it is enough to consider the lattice of size
H= Jij(ni+q)(nj+q)—,u2 ni, (6) 5NX5M in order to calculate the energy with sufficient pre-

cision for almost all concentrations. In other parts of this
iSpaper we refer to the size of the central zone as the sample
size, with the periodic boundary conditions described above.
The total energy of the system given by E8) can be

tria(riurlpmr?tr'y goa}:hls_ t]f.’ §ttudy the (t_:wo]d|ml)ens;or(al?) separated into three parts which represent interactions be-
gular fattice with Infinite-range t.oulomb Interactions. yean black-black, white-white, and black-white sites,
However, we first consider the linear chain as an example to

gain a.better understanding of the modgl since .thcla.re are exact E=E,p+ Eyyt Epy- @)

analytical methods that can be used in two limiting cases:

finite-range interactions can be studied exactly usingdt follows from Eq. (3) thatE,, can be written as

transfer-matrix method$ and infinite-range Coulomb inter-

actions can be described in terms of a devil's staircase

formalism® The study of the linear chain will give us in-

sight into the precision of the numerical techniques that will

be used for the triangular lattice with Coulomb interactions.In the sum above, the indexuns over all sites in the central
In the following sections we address these questionszone and the index over all sites in the central and sur-

What is the equilibrium structure of the charges for a givenrounding zonesi@ j). The quantitynib is unity if a black ion

concentration of the ions? How does the equilibrium energyccupies sitei and zero otherwise. Using the notation

of the system depend on the concentration of the ions? Howbb(j)=EjJijn}’ Eq. (8) can be rewritten as

does the chemical potential depend on the average concen-

trations of the ions at different temperatures. Do phase tran- .

sitions occur in the system and what is the phase diagram of Ebb:(l_x)ZEi NP p(i) = (1=X) 20y ©)

the system at finite temperatures?

(i)
whereq describes the uniform background charge which
adjusted to be equal = —{n;)=—x.

Ebb:(l_X)ziEq \]”nlbn:3 (8)

In the same manner we can Wri&,,,=x?o,, and Eg,

1. MONTE CARLO METHOD FOR SIMULATIONS =2x(1—X)opy. Then the energy of the system per site can
OF THE SYSTEM be written as

We use a Metropolis algorithfmto accept or reject el-
ementary moves that we perform on the charges to bring Ezm[(l—x)z%tﬂr 2X(1=X) O+ X2 ],
them into an equilibrium configuration. We use two different (10)
types of movesA interchanges the positions bfack and
white ions in the lattice B changes theolor of the ion at a  where the first term in square brackets comes from the inter-
particular site. action between black-black sites, the second from black-

The simulations can be carried out with either constantvhite sites, and the third from white-white sites. It is easy to
values of the concentration or with constant values of thesee from Eq(10) that the equilibrium energy of the system is
chemical potential. In the case of simulations at a constare symmetric function E(x)=E(1—x), with respect tox
value of concentration only moves of typewere used. In =1/2. The ground states corresponding to concentrations
the case of simulations at a constant value of the chemicand 1-x can be obtained from each other by changing all
potential both types of move#\ and B, were used. Thd  white sites into black sites and all black sites into white sites.
move does not change the value of the background charda this casex«1—X, opp— owy, and opy— op,,, and it
since it does not change the concentration. Bhenove  follows from Eq.(10) that the energy remains the same. In
changes the concentration and thus the background chargeder to accept or reject the move we calculate the change in
has to be changed at every site in the lattice. In order tAE— uAX. For calculation ofAE it is necessary to take into
decide whether to accept or reject the move it is necessary ccount that if we turn a white siteinto a black site, then
calculate the energy of the system before and after the moveharges at the sites corresponding to theiditet situated in
We consider a lattice of sizd in the case of the linear chain the surrounding zones should be changed also. When an el-
andNXx M for the triangular lattice. We apply standard peri- ementary move is performed, the valuesogf,, o, and
odic boundary conditions with respect to tlisntral zone o, can be updated by calculating the sumg(i), opu(i),
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and (i) for the particular site that participate in the T RN RN roermp—— UNRRARARAN ]

s ma
move. This significantly reduces the calculation time since it T I 3
is not necessary to recalculate the energy of the whole lattice (W) =0.606 ]
again after every move. 1 09H 3
We say that one MC step was performed if we make one g (T/7) = 0.08 3
attempt to perform operatioA or B. We say that one MC ]
sweepwas made if we make as many MC steps as there are¢= 0.8 3
sites in the sample. In simulations at a consjante initially (WJ) =0.375 3
tried to vary the frequency with which operatioAsand B
were performed, but we found that a 1:1 ratio was close to 0.7
the optimum value. For every value of the concentration or NR— 4
the chemical potential, simulations start at a relatively high (WJ)=0315 ]
temperaturd =J. If simulations are to be performed at con- gty [P [ [ [ :
stantx then in the initial configuration black and white ions 2000 4000 6000 8000 10000
in amounts corresponding toare randomly distributed over MC sweep
the lattice sites. If simulations are to be performed at a con-
gL Ve ol e ] Confualcn 1 s b vaes o e chmica peril t temperane 1)
_ =0.08 for the triangular lattice with 3030 sites in the sample. The
of the system at a given temperature. WeHgtbe the aver-  values ofu are shown near their corresponding curves.
age value of the energy in the last ten MC sweepsk&nthe

average value of the energy in the previous ten MC Sweepgy o5 1/3)=1, changes in the chemical potential lead to
We IetoE2 and OE, be the average fluctuations of energy in

1]
1

trati

Conce

i condtlhocoatithmitd

FIG. 1. Dependence of the concentratioron MC sweeps at

smooth changes in average concentrakiohlowever, at low

. . - - temperaturesT/J)<1, there are discontinuities in the )

that the system is sufficiently equilibrated in order to collecty e, We assume that the borders of the discontinuity region
the data. If this condition is not fulfilled another ten MC .0 the borders of the phase-separation region.

sweeps are made until this condition is met, and so on. The situation at intermediate temperatures is more com-

After the equilibration, in order to obtain Stat'St'CS.' We plicated. As an example, Fig. 1 shows the concentration as a
calculated and stored the values of parameters of mteregt

. S unction of the number of MC sweeps for a 830 triangu-
after every MC sweep. Their convergence to equilibrium val- )
ues was verified by plotting them versus the number of théar lattice for three values_o,& at (T/‘]l: 0.08. The sharp
MC sweep. The number of required MC sweeps varied defump in concentration fronx=0.88 tox=1 that occurs at
pending on the size of the system, type of interaction, ang./J=0.606 shows that both concentratioxs:0.88 andx
temperature. When the necessary data at a temperéture=1 lead to the same minimum value of Helmholtz free en-
were collected, the temperature was decreased by a smallgy and thus are stable. Homogeneous equilibrium configu-

amount 5T. For smaller values of the temperatufe @  \4tions in the range of concentrations 088<1 have
smaller value of6T was used.

) , . __higher values of the Helmholtz free energy and thus are un-
It will be shown below that first-order phase transitions J o

. ) > stable with respect to phase separation into two parts with
occur in these systems. In other words ions on the lattice —

should separate into two parts with different concentration$®ncentrations=0.88 anax=1. N

of the black ions in each part. Parts with different concentra- Flgu_re 2 shows the hlstogram of.the.d|str|but|on of con-
tions of the black ions should also have different values Ofsgntratlons corresponding to those in F'g.' 1. Peak positions
the background charge. But it is assumed in our model thay' /€ Us the values of average qoncentratlons. For Some par-
the value of the background charge is the same everywhergf:UIar vqlues Ofu the SyStem migrates between two signifi-
Thus the background in our simulations does not allow th&antly different conc_entra}tlons, as, for exgmple, or
systems to split into parts with different concentrations and_ 0.606. We assume in this case that there is phase separa-

thus does not allow the phase separation to be observed &I.Qn’ and relative areas under two peaks give us the relative
rectly.

sizes of the two phases. Thus the appearance or disappear-
When we perform simulations at a constant value of ay-21ce of a peak tells us about the appearance or disappearance
= _ of a phase. We use the positions of the peaks when they
erage concentration, It Is pgssmle that we may choose appear or disappear as the borders of the two phase coexist-
some particular average valuethat cannot occur in a ho- gnce regions.
mogeneous system. The energy cuB(x) obtained in this At low temperatures T/J)<<1 our MC procedure be-
case does not really give the dependence of energy on conemes less effective and the system can become frozen in
centration, but rather shows when phase separation shouttbme configurations. One of the reasons for this is the local
occur. This is demonstrated explicitly in the next section uscharacter of the move& and B that we use to search for a
ing the linear chain as an example. new configurations, e.g., every MC move involves only one
In simulations with a fixed value of the chemical potential or two sites. To study the properties of the system at very low
the phase transitions are more pronounced. At high tempergemperatures and critical behavior of the mogehen simu-

those two cycles. IfE,— Ey| <15 min (og o) then we say
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FIG. 2. Histograms that show distributions of concentrations for Concentration x

the curves from Fig. 1. Data were collected over 10000 MC
sweeps. The sharp peak corresponding tdJj=0.315 has a
height 4000. The peak corresponding (&/J)=0.606 has a height
1700.

FIG. 3. Dependence of the chemical potentiabn the average
concentratiorx for the case of a linear chain with interaction lim-
ited to nearest neighbors only. The plateaus seen in simulations for
(T/J3)=0.10 correspond to the regions of phase separation.

lations of the large systems are requirganight be usefulto  \yherey=eB+299-9) and g=1/(kgT). The grand potential

objective of the present work. x=(n;)=0Q/du, we can findx as a function of the inde-

pendent variable§ and w. The resulting expression can

IV. LINEAR CHAIN then be inverted using the charge neutrality requirement,

There are two exact analytical methods to study the model _ _ItX to obtainy in terms ofx and T with the following
in the one-dimensional case of the linear chain. In particularr, sult
if the Coulomb interaction is truncated at some distance then 5 (X—1/2)eB2
a transfer-matri¥' technique can be applied to calculate the 197wt — ainhl

) ; . pu=J—2JIx+ —sinh (13

free energy as a function of chemical potential and tempera- B /:x(l——)
ture. Then the dependeneéw,T) can be studied and the
phase diagram can be obtained. Figure 3 shows the transfer-matrix predictions for fhe

T_lg tr;e dg?/ﬁz grati?saé%f;rg:z;ﬁggneC(a:r?uggn;k;e'gttegacrté%?c?t\/ersusx curves for various values df/J and also the results
s P of numerical simulations. The upper left frame shows the

the equilibrium structure for any concentration and caIcuIater sults of the transfer-matrix calculations at various tempera-
the ground state energy of the system. In both cases exafﬁres

results will be compared with the results of simulations to _ — )
establish the precision of the numerical methods. Note thatu =0 corresponds ta=1/2. At high tempera-

tures, u is a monotonically increasing function af but at
low temperaturesy has regions in which the slope is nega-
tive. This behavior is thermodynamically unstable and indi-
If we restrict the range of interaction to nearest neighborcates that phase separation occurs. The upper right frame
only, the Hamiltonian becomes shows transfer-matrix predictions and the results of simula-
tions at (T/J)=0.50. Simulation points lie on top of the
exact curve. The lower left frame shows the results at tem-
H=32 (+ )i+ —p n;. (11)  perature T/J)=0.20 which is just above the maximum tem-
! ! perature for which phase separation occurs. The regions with
a low density of simulation points indicate the appearance of
the regions of phase separation that occur at lower tempera-

tures. The concentratiaxin this region is the average over

the two peaks that occurs at the intermediate temperatures as

shown in Fig. 1 and Fig. 2. The lower right frame avJ)

=0.10 clearly shows the sharp jumps in concentration that
5 occur at low temperatures.

efﬁjq

N 1ty =12 47 (12 In the simulations, phase s_eparation manifests itself as a
max— 2 [1+y+N(y=1) re™l, discontinuity in the dependencgw). In contrast, a second-

A. Nearest-neighbors interaction

Initially we assume tha is a constant and is not connected
with concentration. Then the grand partition functiBg for

a cyclic chain ofN sites can be expressed in terms of the
largest eigenvalue of the>22 transfer matrix asZy=\} 4
with
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= ] ©€080000000800000800®
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7 c E 0000000000800 0000008®
= E 3
& 0.15E = 0000000000000 0000000
e F 3
%D E E FIG. 5. The linear chain sample of 120 sites with interactions up
8 -o2F @H=0.05 '/ — Energy 3 to fifth neighbors included ak=3/8=0.375 and temperature
= S Free Bnergy 3 (T/J)=0.01. The second row from the top is the continuation of the
F 3 first row, and so on. The picture illustrates the tendency of the
_0'25 :_II L1111l I | O I T I | I I | T I LI L1 11l II_: SyStem to phaSe Separate |n the top mll/z’ Whlle In the bOt-
0 0.2 04 0.6 0.8 1 tom row x~1/3. Separation cannot really occur due to the same
Concentration x background charge at every site of the chain that correspornxls to

=3/8.
FIG. 4. Energy and Helmholtz free energy as functions of the

average concentratior at temperature T/J)=0.05 for a linear

chain with interaction limited to nearest neighbors only. ate an internal stress in the system: the ions tend to separate

into two phases but the background charge, through Cou-
order transition would correspond toincreasing monotoni- lomb interaction, does not allow this phase separation since
cally with a discontinuity in slope. it is constrained to be uniform. This stress should effectively

The first-order transition can also be seen in plots of théncrease the value of the enerfyx) in the simulations. It is

grand potential per site), versus chemical potential. Loops possible sometimes to see in structures obtained from simu-
corresponding to the unstable branches appear at low tentions the tendency to phase separate. In Fig. 5 one can
peratures. However, we find it more convenient to plot theclearly see this tendency for the phase separation: The aver-
Helmholtz free energy per sit€=Q+xu, or the internal age concentration in the top row is 1/2 while the average

energy per siteE, as a function of the concentration concentration in the bottom row is 1/3.

A finite temperature phase transition is not expected in Figure 6 shows the phase diagram in the temperature—
one dimension for finite-range interactions. However, theconcentration plane. The solid curve is the transition tem-
presence of the background charge effectively makes this dpfratureT.. This curve was obtained using the equal area
infinite-range problem and produces a first-order phase trartule applied to theu versusx curves(see Fig. 3 obtained
sition at a finite temperature. This behavior is similar to thatfrom Eq. (13). The dashed curve is the spinodal which cor-
in the van der Waals theory of liquids where long-range atresponds to the locus of points for whichu/Jx)=0. The
tractive interactions lead to condensation phenomena. spinodal is only shown in the region<1/2 but it is sym-

Figure 4 shows both enerdyand Helmholtz free energy
F=E—-TSas functions of at (T/J)=0.05. The difference 02
between these two curves is due to the entropy of the systen
The difference between these two curves is significant, be-
cause the entropy plays an important role even at quite low
temperatures.

Since x is the independent coordinate, we apply the
double tangent rule to the Helmholtz free enekgfor to the
energy curve alT=0) to determine the equilibrium concen-
tration. The slope of the tangent line gives the value of the
chemical potential. This predicts that at =0 the system
will separate into two phases with concentrations 0 and 1/2 if
X is between those two concentrations. If&/2<1 then the
system will separate into two phases with concentrations 1/2 |
and 1. Hence a plot ofc versusx should display flat hori- % 0.2 0.4 0.6 0.8 1
zontal sections at values @f corresponding to the slopes of Concentration x
the double tangent lines. This process is equivalent to a Max-
well construction applied to the'reglons in Fig. 3 at which theinteractions. The solid lines indicate the borders of the phase-
u(x) dependence has a negative slope. _ separation regions. The dashed curve shownfol/2 only is the

If in MC simulations we are trying to produce tH&x) spinodal curve. Both curves were obtained with the transfer-matrix

curve and we fix the concentration at a particular value thamethod. The points on the right show the results of the simulations
cannot exist homogeneously across the system, then we crgerformed on lattices with different sample sizes.

0.15

o 90 sites
a 240 sites
o 480 sites

Temperature (T/.J)
o

g
=
N
T
1

FIG. 6. Phase diagram for a linear chain with nearest-neighbor
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metric with respect tax= 1/2. The regions between solid and 0 __025 05 075
dashed curves correspond to the regions of metastability.
In order to obtain the phase diagram in MC simulations at ~ -0.05F
low temperaturesT/J)<0.12 we refer back to Fig. 3. The 0.1k
plateaus in theu(x) dependence give us the concentrations
for which phase separation occurs. In other words, any con: 2
centration on any plateau should split into the two concen- 02F

trations on the edges of the same plateau. Thus the edges IS
the plateaus give us the borders of the two phase coexistency 0
regions and the phase diagram of the system. This approac: 0.05
gives good agreement with exact results at low temperature 3
but fails at intermediate temperatures when fluctuations in g
the concentration are big or when the system migrates be& -0.15

025 05 075 1
T T T

- 3-005
3-0.1

-0.15F 3-0.15

102

3-0.05
3-0.1
1-0.15

tween two different concentrations. To obtain the phase dia-2¢ .02 1.02
gram at intermediate temperatures G<{4/J)<0.20 we 2 ]
used the observations and interpretation that we discussed H OF 30
Sec. lll. In Fig. 6 data for the sample with 90 sites were _0‘055_ 5-0.05

obtained from the borders of the jumps ¥{w) curves
shown in Fig. 3. The remaining points are obtained from the g
distribution of concentrations at differefit and p using -0.15F

0.1 3-0.1

2-0.15

larger sample sizes. The peaks in the distributions of concen 02F 5 1t 6 302
trations for the sample with 480 sites are narrower than thos¢ . , \ 1E . , , 3
with 240 sites, as expected. The full width at half maximum 0 025 05 075 025 05 075 1
for the peaks at temperature®/{§)=0.14 is about 0.05 and Concentration x

at temperatureT/J)=0.18 about 0.1. Thus at temperature

(T/J)=0.18 peaks corresponding to two different concentra- FIG. 7. Dependence of the energy per site on concentration, at

tions overlap very low temperatures, for the linear chain with interaction extend-

The good égreement between the exact phase diagram a'ﬁg up to first, second, third, forth, fifth, and sixth neighbors. Points

. . . - . rom simulations are plotted on top of the exact solid curves ob-

thg one Obtame.!d from simulations |nd|cate§ that our mt(.arpr?tained with the transfer-matrix technique. The dotted curve shows
tation of the histogram of the concentration frequencies i$he limiting case of infinite-range Coulomb interaction.

correct. It also indicates the precision of our technique.

o _ _ easy to see that for=1/2 it is energetically favorable for the
B. Finite range of interaction system to split into two parts with different average concen-

The Hamiltonian of the model at fixed concentratiois  trationsx; = 1/3 andx,=2/3.

given by Eq.(3). In the case of n_earest-neighbor interaction | we apply the double tangent construction to fﬁ&)

J1 and second-neighbor interactidp only, the ground-state  cyrves in Fig. 7, corresponding to interactions with larger
energy can be obtained directly using the following reasonrange, we find additional transitions compared to the nearest-
ing: for concentrations in the range<xx<'1/3, the back- nejghbor case. For interaction up to second neighbors we
ground chargeswhite chargescontribute an amount-(J;  have first-order transitions from=0 to x=1/3, x=1/3 to
+J2)x? to the energy per site from the last term in B4).  x=2/3, andx=2/3 to x=1. For neighbors up to the third
The black charges can be placed on every third site so as {fc|uded, there are four transitions involving=0, 1/4, 1/2,
avoid the repulsion in the first term. However, in the concen/4, and 1.

tration range 1/8'x<<1/2 the repulsive interactions contrib-  As the range of interaction increases there is an increasing
ute an additional amountJ(+J,)(x—1/3) to the energy. amount of structure in the energy curves but the double tan-
The energy in the range H¥X<1 is obtained using the gent construction does not always lead to an increasing num-
symmetry propertyE(x)=E(1—x). Similar reasoning can per of transitions. It is shown in the next section that in the
be used for larger ranges of the interactions but the expregmit of Coulomb interactions, the energy curve approaches a

sions become more complicated. _ ~ form which predicts only four transitions involving the val-
Figure 7 shows the ground-state energies as a function Qfesx=0, 1/3, 1/2, 2/3, and 1.
concentrationx at T=0, for finite-range interactions, Phase separations predicted from the energy curves can-

=J/n, where the truncation is after=1, 2, 3,4, 5, and 6. not occur in our MC simulations because this phase separa-
The solid curves were obtained using the arguments deion requires two different values of the background charge,
scribed above and were verified using the numerical transfemwhile in our simulations background charge is constrained to
matrix method results at very low temperatures. The MChave the same value at every site. However, if concentrations
simulations were performed on lattice samples with 90 anaf the two parts are close to each other then the tendency to
180 sites and periodic boundary conditions. phase separate can be seen even if the value of the back-
Panel 2 in Fig. 7 shows the energy curve for the interacground charge is the same everywhere as shown in Fig. 5.
tion between nearest and second-nearest neighbors only. It Téis behavior can also be seen on the fifth panel of Fig. 7
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that shows a disagreement between the exact curve and rc 0.0 T 71—+ 1 7T T
sults of simulations for the case of interaction up to fifth

neighbors. There is a region between 0825<0.425 in
which simulation points seem to follow a horizontal line S
while the exact curve has a peak in this region. We believe=
that the origin for this behavior is the tendency to phase.*°:°
separate as described above. Thus every simulated point i
this region is a weighted average of two concentrations thai S+ -0-10
correspond to the edges of this horizontal region. The weightg’
is proportional to the fraction of the whole sample.
In order to apply the transfer-matrix method to the case g 15
with range of interactiom=2 neighbors, we can group the
sites into consecutive blocks of lengthand the interactions R T T
are then only between nearest blocks. The transfer-matri 0.2 0.4 0.6 0.8
formalism can be used again, but the Hamiltonian given by Concentration x
Eq. (6) leads to the transfer matrix of sizé'22" and it is ) ) _
difficult or impossible to solve the problem analytically. = F'G- 8. Energy per site as a function of concentratofor a
However, it is possible to calculate the largest eigenvalue of'€a chain with Coulomb interactions. The solid curve was ob-
the transfer matrix numerically and obtain the thermody-2in€d by knowing equilibrium structures predicted with the devil's
namic properties. We have used this method to study th%talrcase formalism on the Iattl_ce sample with 1000 sites. Circles
energy, Helmholtz free energy, and chemical potential as show the results of the MC simulations at low temperature for

- - ) gamples with 180 sites.
function of concentratiorx. Our results are in agreement

with the predictions made from the energy curves, shown in . .
Fig. 7. tangent rule applied to theEnergy curve predicts phase sepa-

rations for some values of. For 0<x<1/3, the system
should separate into phases witks0 andx=1/3 whereas,
C. Infinite-range Coulomb interaction for 1/3<x<1/2, it should separate into phases witk 1/3
If J;; correspond to the bare Coulomb interaction, the inandx=1/2.
teractions satisfy the positivity and convexity conditidn Phase separation is a result of the second term in4gq.
which allows the ground state to be found for any rationalwhich is entirely due to the background. It corresponds to a
value ofx. If x=1/n wheren is an integer, then the black ong-range attractive interaction. In the absence of the back-
charges are equally spaced along the chain at a distance ofground, the model would not display phase separation and
neighbors apart and form the one-dimensional analog of théhe chemical potential versus concentration curve would be a
Wigner lattice?’ In the more general case in whigk p/q is
the ratio of two integers, the ground-state configuration is

E

1
=)
o
W

En

[ N BN B B

ST

periodic with periody and hag black charges in each cell. If 08 0 1) = 040 /oA
there is a black charge at site 0 then black charges are at th E . 60 sivs, i Zoa P
sites with numbergnag/p]=[n/x] wheren is any integer E - 60sites, (TW)=0.15

H H ; oo 60 sites, (T/))=0.10 / -
and[A] denotes th_e integer part & Since the structure is 06F . 180sites, (T =010 -
known for any rational value ok the ground-state energy = — Zero Temperature Limit -

can be calculated using the same techniques that were use§
to calculate energies in MC simulations. But since in this E)
case it is not necessary to run a relaxation procedure, mucig 0.4
larger samples can be considered. = |
Figure 8 shows the ground-state energy as a function of ‘g
for the Coulomb potential obtained using both the exactZ b
ground-state configurations and our simulation technique® |
The value of the energy at=1/2 corresponds to alternating
black and white charges and is equal to(In2)/4. For
smaller values ok=1/n corresponding to period Wigner
lattices of equally spaced black charges, the energy per site i
given byE=x?Inx. For values ok between these values the
energy is slightly larger than if we use the same formula for FIG. 9. Dependence of the chemical potenjiabn concentra-
all x. The energy curve has a sequence of cusps located at &bn x for the linear chain with Coulomb interaction in the region

C

Concentration x

rational values ok (devil's staircase x>1/2. The solid line shows the limit of zero temperature obtained
Since atT=0, the chemical potential is given by from the energy curve in Fig. 8. The inset shows the results from
= 9E/9x, we predict that at zero temperatyreversusx will the lattice sample with 960 sites at very low temperatures in the

display a series of jumps as shown in Fig. 9. The doublavhole range 8<x<1.
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0.12¢ : O
0.1 < i ]
9 -0.05F ]
0.08F Q F
: 7
E = N
.06F g -01F E
5 2
0.04E p
=

Temperature (T/J)
o
]
N

5o
=
)

0,150 / ]
: et :

0 1/7 1/4 1/32/5 1/5 3/5_2/3 3/4  6/7 1
Concentration x

Concentration x

FIG. 11. Energy per site as a function of concentrasidor the

FIG. 10. Phase diagram for the linear chain with Coulomb in-triangular lattice with Coulomb interactions. The solid curve con-
teractions in the regior>1/2 obtained from MC simulations. nects the points obtained by simulations in previous W&&f. 1).

Dashed vertical lines give the position of concentrations that are
devil's staircase with an infinite number of jumps corre- Stable in MC simulations at very low temperatures.
sponding to the rational values »f ) . .

The devil's staircase formalism can be used to obtain the~2/3 with critical temperatureT(J)=0.03, 2/3-3/4 with
E(;) curve at zero temperature and thus pregiict) depen- critical temperatureT/J)=0.0175, and 3/4>1 with critical
dence at zero temperature. In order to obtain gi{&) de- temperature 1/J)=0.11.
pendence at nonzero temperature we used MC simulations.

The u(x) curves at several temperatures obtained from MC V. TRIANGULAR LATTICE

simulations are shown in Fig. 9. Simulations were performed P : : :
on samples with 60, 90, 120, 180, and 960 sites. The role %tThe Hamiltonian for the triangular lattice with Coulomb

size effects can be seen for the curdéJ)=0.10 for which eraction is given by Eq6) to be

the results from the samples with 60 and 180 sites are shown.

For higher temperatures the differences are less significant. H=> Jij(ni+q)(nj+q)—,u2 n;. (14)
(i) [

We found that up to very low temperatures there are almost

no differences between the results on samples with 120 anf,ihe details of model and simulation techniques were de-
180 sites.

The inset in Fig. 9 shows a rather large difference be__scribed_in Secs. Il and III: In th_e 2D case With_ long-range
tween the predictioﬁs fau(x) from the devil's staircase for- Interaction we used MC simulations as the main meth_od to
. . ) study the system. Different sample sizes were used in the
malism and from the results of simulations at low tempera- x ) L —
tures. There can be several reasons for this disagreemeff€VI0US studyin order to obtairE(x) dependence as shown
One reason, discussed earlier, is that simulations at low teni? F/9- 11. _ o
peratures may not be reliable since the system can become FOr the triangular lattice there are multiple “cusps” in the
frozen in some local minima that it cannot leave due to theéE(x) curve that are similar to the devil's staircase behavior
large transition barrier associated with the local character o the case of the one-dimensional chain. In the region 1/2
movesA andB. On the other hand the entropy contribution <x<1 significant cusps in thE(x) curve occur at concen-
can make the “cusp” ak=1/3 andx=2/3 in theE(x) de- trations 1/2, 2/3, 3/5, 3/4, and 6/7.
pendence more “rounded” and this can lead to an extended Ground-state configurations for=1/2, 3/5, 2/3, and 3/4
range of chemical potential near concentratiars1/3 and are shown in Fig. 12. lon distributions obtained on the 30
x=2/3 on thew(x) curve. X 30 sample with MC simulations at three different values of
In order to obtain the phase diagram shown in Fig. 10 weu at (T/J)=0.01 are shown in Fig. 13. In the ground state at
used the MC technique already discussed above. As ex=6/7 white sites should form a triangular Wigner lattice
pected, the size of the plateaus corresponding to the regiongth the spacinga\ﬁ between ioné.
of phase separation decreases as the temperature increase§or values ofx=1/(m?+n?+mn)<1/3 or 1-x=2/3
and the concentrations of both phases become the samewaherem andn are integers, the ground-state configurations
the critical temperature. Only half of the phase diagram isare triangular Wigner crystéis?® and the ground-state en-
shown since it is symmetric with respectie-1/2. At tem-  ergy can be calculated exactly using the numerical formalism
peratures 0.04 (T/J)<0.08 the data were obtained using aof Bonsall and Maradudif® For these triangular Wigner
sample with 480 sites. At other temperatures the data wererystal structures the energy is given exattligy E(x)=
obtained using a sample with 960 sites. There are three dis-2.106 712 62¢°>—x?). Betweenx=1/2 andx=2/3, the
tinct regions of phase separation that correspond to the foground-state configurations have a rectangular rather than tri-
lowing transitions in concentration at zero temperature: 1/&angular geometry. Regular rectangular structures can be
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0 00660660060 606666666660 FIG. 13. Lattice structures obtained from simulations at three

0000000000006 0000800606000 different values ofu at (T/J)=0.01. Concentrations of black ions

.o. o .o. o .o. o .o. o o. .o. .o. .o. .o. .o. L] are close tx=1/2=0.5, x=3/5=0.6, andx=6/7=0.857 for the
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[ N Nol N Noll N NoN N Yol 000000 0DOOSOS plcturesfromlefttorlght.

[ JoX N Nel N NoX N NoX J [ NeX NoX Nol NoX NolN Nol —. .
©000000060000 00000 OGOOOOOS ample, ifx is between 0 and 1/4 then the system should split

) _ . __into two homogeneous parts withk=0 in one part an
FIG. 12. Ground-state configurations for the triangular lattice _ 14 in another

with Coulomb interaction fox=1/2, 3/5, 2/3, and/4.

The slope of the double tangent lines gives the values of
chemical potential at which the transition from one concen-
formed at concentrationg=1/[2(I+1)], wherel is any {ration to another should occur. In the regior 1/2 we have
- _ _ ; 13) 1/5_.23=0.0003, w!3) /3 ,34=0.5087, and
integer* Thus|=4 corresponds tx=2/5 and is the same (1l 3)ar2 23 2/3~3/
structure as forx=3/5 with the interchange of black and (119)32.1=0.5159. The corresponding dependepcg) at

; . . ) zero temperature is shown in Fig. 14 as the dotted curve.
white sites. The same numerial methoctan be used Direct simulations of the«(x) curve were performed on

again to obtain E(3/5)=-0.1709803 and E(1/2) |attices of different sample sizes<®, 18x 18, 18 20, 24
=-0.1755589. x 24, and 3 30. Some results are shown in Fig. 14.
The first row of Table | shows the values of the energiesCrosses for the sample size 288 show that there is no
obtained from simulations aff(J) =0.002 with sample sizes large difference with the results obtained on the sample of
~18x18. For every concentration, the sample size was chosize 9x9 at (T/J)=0.10. For higher temperatures the dif-
sen to be commensurate with a particular concentration. Thigrence is even less significant.
second row shows the results of simulations from the lattice When we consider long-range interactions in two dimen-
samples of size=30x 30. The third row of the table shows sions, the amount of time needed to calculate the energies
the exact values of the energies obtained with the method dfefore and after the MC step increases quickly with the size
Bonsall and Maradudin. of the system. In order to save time we tried to perform
The major difference between the simulated and the exactalculations on smaller samples when possible. Thus at high
values arises because our simulation method cannot relax themperatures, we performed simulations on smak 99
system to the exact ground-state configurations for concersamples. Every point is the result of averaging over 20 000
trations 1/2, 3/5, 3/4, and 6/7. On the other hand it is easy tMC sweeps. Even atT{J)=0.05 there is almost no differ-
obtain the ground-state configuration far=2/3 and the ence between the results of simulations on the lattices 18
agreement between the simulated and the exact values of the€18 and 30 30. However, at very low temperatures, there
energy is much better in this case. are some structures that can be observed only on large
Double tangent construction applied to the energy curvesamples. For example, at a temperatur&J§<0.03 we can
in Fig. 11 shows that only concentrations 0, 1/4, 1/3, 1/2, 2/3¢learly see concentrations 3/5 and 6/7 on th& 30 sample,
3/4, and 1 are stable with respect to the phase separation latit we cannot see these concentrations on thelBsample
zero temperature. Thus at zero temperature the system #nd they are not pronounced in the case of the<24
always a mixture of parts with these concentrations. For exsample.

TABLE I. Comparison of energies at special concentrations obtained in simulations on lattices with
sample sizes 1818 in the first row and~30x30 in the second row and exact values calculated with
method of Bonsall and Maradudin in the third r@Ref. 29.

X 1/2 3/5 2/3 3/4 6/7

Eqim(18% 18) —0.17056 ~0.16534 ~0.16953 —0.12450 —0.06794
Eqim(30%30) —0.16964 —0.16456 —0.17070 ~0.12671 —0.06807
Eexact —0.17556 —0.17098 ~0.17136 —0.13167 —0.07076
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FIG. 14. Dependence of chemical potengiabn concentration FIG. 15. Phase diagram for the triangular lattice with Coulomb

X for the triangular lattice with Coulomb interaction. For the casesintéraction in the regiox>1/2 obtained with MC simulations.
of temperaturesT/J)=0.2 and {[/J)=0.1 the size of the sample

was 9% 9 and no points are shown since their density is high. diate concentrations. When simulations are performed at a

constant value of the chemical potential there is no problem
connected with background charge that prohibits the phase
separation and there is no stress in the system. Thus energies
and the predictions from th&(x) curve. In the simulations, at '.P:g:gg?Laetaesg?lntzzr:t\:\?et'ggi ifeer(l:ttig/r?liys ?ﬁg?&iféﬁiﬂg&er
the ranges of stabilitjwith respect to the change in chemical of the A and B operations that were used to introduce

potentia) at concentrationx=1/4, 3/4, and 1/2 are much . .
I . - changes in the system. Their local character can also become
arger then they should be according to predictions from the

. . important at low temperatures.
energy curve, while at concentratioms=1/3 and 2/3 the . .
e : ) All the reasons discussed above can lead to larger regions
ranges of stability are smaller. In simulations we also see

stable concentrations 2/5 and 3/5 that should not appear a8lc stability for concentration=1/4, 1/2, and 3/4 and to

cording to the energy curve. Several effects can lead to thi§_maller regions of Stab'.“ty for concentratiors- 1/3 andx .
disagreement., =2/3. They also explain the appearance of concentrations

x=2/5 andx=3/5.

First of all, the difference between the energy and the One can obtain the phase diagram for the triangular lattice
free-energy curves can be significant even at very low tem- P 9 9

peratures. This difference can lead to higher stabilities of" the same way as for the linear chain. In order to obtain the

. : diagram of the system at low temperature we had to
some concentrations. Moreover, some concentrations thgpase . .
erform up to 100000 MC sweeps on the lattice with the

should not appear, as follows from the energy curve, ca . i .
appear due to entropic contributions to the free energy. Fo ample size equal to 3080. The phase diagram of the tri-

example, configurations at=1/3 andx=2/3 are highly or- angular lattice is shown in Fig. 15. Only half of the phase

dered and have relatively small entropy. The concentrationg""ugr"’lm IS showr_1 since it Is symmetric with respectxto
betweenx=1/3 andx=2/3 are highly disorderediarge en- 1/2. There are five distinct regions of phase separation that

tropy) and have approximately the same energy as energy rrespond to the transitions in concentrations—1515,

the system at concentrations 1/3 and 2/3. Thus one can e /523, 2/%3/4' 3/4-6/7, and 6/7_’1. at zero tempera-
pect that concentrations 1/3 and 2/3 will have a smaller rang re. Some regg"ﬁs. ofd%hasle sepgraﬁuon exist only ath low
of stability in u, while concentration 1/2 will be more stable bempgratu;e arT It is difficult to obtain an accurate phase
than follows from energy curve predictions. This is in agree- oundary for them.

ment with Fig. 14. This feature can also lead to the appear-

ance of some configurations with ¥X<1/2 and 1/Zx VI. CONCLUSION

<2/3, for examplex=2/5 andx=3/5. It also explains why We have introduced and studied a model to describe the
we see these concentrations on larger samples and not @Rssible ion orderings in layered double hydroxides. In the
smaller samples. . _ _ model, ions situated at the sites of the triangular lattice inter-
Another reason can be in the way simulations were peract through long-range Coulomb interaction. The exactly
formed at a constant value of the concentratio_n. For exampleg|yable example of the linear chain was used to obtain in-
if the system has an average concentration<2 2/3 then  sight into the model properties and to demonstrate the preci-
it should separate into two parts with concentratigasl/2  sion of the MC simulation methods employed. The model
andx=2/3. But since at every site the background charge igpredicts multiple phase transitions and phase-separation re-
the same, the system cannot separate. This tendency of tgens.
system to phase separate, which cannot occur, creates inter- Our results are in agreement with experimental measure-
nal stress and effectively increases the energies of intermenents in the sense that concentratigasl/4 andx=1/3 are

At low temperatures T=0.01) there is a significant dif-
ference between the direct simulationsofx) dependence
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special~® However, a large number of predicted possibleinternal stress in the compounds. Thus Al-substituted
phases with different fractions of metal ions can lead to thdayered-Ni hydroxides that are stable at higher temperatures
situation in which effects are hard to see in experiments. Iimay become unstable and disintegrate at lower temperatures.
we assume that some phase separation occurs, then welt would be interesting to see detailed experimental mea-
should allow for the fact that there are different amounts ofsurements that can support evidence for the charge ordering
[CO;]2™ anions in the different regions of the same gallery.and the presence or absence of phase separation in these
Regions with a large number P€O;]?~ anions should have systems.

a larger interlayer spacing than regions with a small number

of [CO;]?" anions. This'should Iegd to mechanical stress in ACKNOWLEDGMENTS
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