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10. Exp onential and Logarithm

The exponertial function, denoted expx or €, has many applications in
engineering and science. The exponertial appearsin processesof growth,
radioactive decay, electrical resistance,certain probability distributions, and
many other places. The inversefunction of the exponertial is the natural
logarithm, denoted In x or log, X. These functions, expx and In x, are en-
countered so often that ewvery scierti¢c calculator has them built in.!

In this chapter we'll study the de nitions of expx and Inx, learn the
derivativ esof thesefunctions, and seesomephysical applications where they
are needed. Calculus plays a certral role in the study of the exponertial and
logarithm, aswe shall see.

10.1 THE EXPONENTIAL FUNCTION

The exponertial function is €, a special number e raised to the power x.
The domain is all real numbers. There are three puzzling, and fascinating,
aspects of this function:

1. What is e?
2. What is mearnt by \raising e to the power x?"

3. Why is this function soimportant? What special property doesit have?

10.1.1 The number e

The special number e is called the base of natural logarithms. It is de ned
by a limit. The de nition is
1 N
e= NIl!gn 1+ g (10-1)
In taking this limit, we may restrict the valuesof N to integersthat become
arbitrarily largeasN ! 1 . This restriction is not strictly necessarybecause
(1+ 1=N)N is a continuous function of N, sothat N may be any real num-

ber. But if werestrict N to integers,then we avoid the problem of de ning
irrational powers?

1SeeExercise 1.
2This subtlety is normally ignored. For any positiv e integer p, xP is simple to de ne
(x? = xx, x3 = xxx, etc.). For fractional p (rational numbers) the de nition can easily be

1
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N 1+ 1=N)N

1 2

10 2:59374
100 2:70481
1000 2:71692
10°  2:71828

Table 10.1: The value of (1 + 1=N )N approacdheseasN ! 1 .

. ... leq:defe . .
The limit in (&%?I)Tsaremarkable balancingact. If |sac%n%tart number
greater than 1, then N goesto 1 asN ! 1. But in (e T e number

is 1+ 1=N, which approaches1 asN ! 1, and 1N is just 1 for any N.
Competing tendencigs_gé:fgurasN I 1. Sowhat is the nal value? Naively
taking the limit in (T0-I)we nd 1' , an unde ned quartity. We must work
harder to evaluate the limit.

The value of e is approximately 2.718. Table 1 showvs numerically how
(1+ 1=N)N approacdies2.718asN increases.The numbersin the table were
calculated by computer. But can we evaluate e analytically?

We can evaluate e with somehelp from our old friend, the binomial the-
orem?2 In Equation (B-7) let A = 1 and B = 1=N. The equation gives
(A + B)N in powersof A and B. The result is

1 N P L N
1+ — = - 10-2
N N kKN k) ( )
k=0
X NN (N 2) (N k+ 1)
= Nk : (10-3)
k=0
Now take the limit N ! 1 . Note that for any k,
N(N I)(N 2) (N k+1)! 1 as NI 1:
Nk
becausethe numerator is N *+\small terms;" the \small terms" becomeneg-
ligible comparedto the dominant term NX asN ! 1 . (For example, if

N = 100and k = 2 then the numerator is 100 9_]9 which is approximately
. _ led:fifsum
100, the denominator.) Thus the kth term in (I%-B)approameslzk!. Also,

generalized by de ning roots. But what if p is irrational, like P 2 or ? Then xP must be
de ned by a limiting process.
3SeeApp endix B. The binomial theorem is Equation (B-7).
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Table 10.2: Convergenceof the seriesin (%pisr) The partial sum meansthe
sum of terms (1=k!) from k = Oto k = K.

K 1=K! partial sum
0 1 1

1 1 2

2 05 2:5

3 0:16666::: 2:66666: ::
4 0:04166::: 2:70833:::
5 0:00833::: 2:7166:::
6 0:001389 2:71806
7 0:000198 2:71825
8 0:0000248 2:71828
9 276 10°% 2:71828
10 276 10 7 2:71828

the sum becomesan in nite seriesasN ! 1 . Finally, then,
NOX
. 1 1
e= Iim 1+ — :
N1
k=l
In words, e is the sum of all reciprocal factorials.

An in nitee _sseriescorrbines an innite number of terms. The rst 11
terms from (ﬁ%pir) and the corresponding partial sums, are shown in Table
2. Evidently the addedterms are getting very small ask increases,and the
sequenceof partial sumscornvergesto a number near 2:718.

10.1.2 The function ¢€*

Next, let's seehow to calculate €, whigh_(jgfg to the power x. This number

can be written as another limit like (TU-I).” Recall a general theorem on
limits: if A1 Ag in somelimit then AP ! Af. Applying this to the limit
. e defe
N! 1 in (IE)-I), for the power p = x, we have
1 Nx 1 N x
. L1 — i L1 - & i
N“!lm 1 N N“!En 1 N ¢ (10-5)

Novxé c_lf)mrﬁiderx > 0, and changethe variable N in the limit on the left side
of (T0-5)10 N° Nx, which also approaches1 . So,since1=N is x=N ¢, the

T E (10-4) [eqps]
N
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limit may be reexpressedas

NO
o= e wo¢)

leq:defex
(At this point we can drop the prime on N%) Equation (IE)-E) can be taken
as the de nitio(p of e to the power x, even for irrational values of x. We
. eq:defex . ..
arrived at (I[(’J-G) assumingx > 0, but it is alsocorrect for x < 0.
We may also expressexeaﬁngu%ower series, by again using the binomial
theorem in the manner of (IL0-3),
i X x kNI
im — —
I I
N N KI(N  Kk)!

e

X
= im X¥N(N )N 2) (N k+1)

] K
NI k! N

Rk
= (107

k=0

. . €a.PS L. . ed.pSxX
The senesexpressmn(h.%—pir) for e is just the special caseof I@ézz evaelluasted
at x = 1. Note that for x = 0 we have e° = 1, from either ([L0-6) or (I%—?i.

The pro duct of exponentials

Theorem 10-1. The product of exponertials is
(108)

. eq.proaex . .
Equation (I%J—)B; iS a familiar property of a number raised to a power. An
analogousequation is

10"10™ = 10" ™: (10-9)

For integersn and m, the equation is obvious: 10" is n factors of 10, 10
is m factors of 10, and the product is n + m factors of 10. If n and m are
fractional, or irrational tJ)ae relation is also true but not so easyto prove.

eq.pr X .
How can we prove (I?J—%i for arbitrary a and b?

.defi
Proof. Well use(eIEJ-Ge)eésthe de nition of €. Then
atb — atb M

i +
UM R

(10-10)



Daniel Stump 5

Note that

a+ b= 1+ 2 14 b ab

+ — —
1 N N N N2

(10-11)

But in the limit N ! 1 , the term ab=N 2 becomesnegligible. Therefore we
may make the approximation

N N N
a+b 1+ 2% 00 (10-12)

+
1 N N N

valid in the limit of large N ; the error approachesOasN ! 1 . Now recall
a generaltheorem on limits, that lim AB = lim A |lim B; then

. N b "
b= Jim o1+ Ni lim 1+ N - e*eb; (10-13)

and hencethe theorem is proven.
Another familiar relation is

(e%)° = & (10-14)

the proof of which is left as an exercise?

10.1.3 What is so special about €*?

The answer to the questionin the title of this sectionis related to the deriva-
tive. We'll prove the following theorem.

Theorem 10-2. The derivative of € is €*.

The equation expd(x) = exp(x), together with the requiremert e° = 1, deter-
mines € for all x. The only functions f (x) with the property f qx) = f (x)
are Ce* whereC is a constart. If we demandalsof (0) = 1,then C = 1 and
sof (x) = €.

Proof. The derivative of € is

d o eeth o . e (e 1)
&ex - r!limo h - r!llmo h
e 1
= € l!|!mO H (10-15)
Sothe derivative is Ae* where A is the number
Y
A= rI]l!m0 —n (10-16)

N eXet.eac
“4Exercise [77.
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. . . eq:psSX
The theorem is true if A = 1. Now usethe power senes(I?J—?) to ewaluate
ehy
h2 h® h*
h — .
(S —1+h+ 5"’ §+ Z"‘ . (10'17)

Therefore,
h h2 h3

S vatytagt (10-18) [eAIm |

:Ali
In the limit h! 0, the rlght—hand side of (E%?f%approames 1, becauseall
terms exceptthe rst become0. HenceA = 1, and the theorem is proven.

Another pro of of the power series

If we take the de ning property of exp(x) to beth%t_esx A(x) = exp(x), with
exp(0) = 1, then we can derive the power series([LU-7). First, assumethat
exp(x) can be written asa series,

b3
exp(x) = 1+ cx + cx?+ cex®+ = CexX (10-19)
k=0
where cg = 1. Then the derivative is
ps
expd(x) = ¢ + 2Cox + 3cax? + degxP+ = koexX 1 (10-20)
k=1

Since we reg‘y re exp x) = exp(x) for all x, the coe cien ts for eath power
of x in ( J) must be equal. Starting with the power 0 and
working up, we nd

Ic;=1 =) =1
2co = ¢ :) c, = 1=2= 1=2!
3c3= ¢ :) cz = 1=6= 1=3!
4cy = C3 =) Cy = 1=24= 1=4!
and soon. Evidently, ¢, = 1=kl. The generalterm in the sequencds kcx =

Ck 1, and this recursion relation is satis ed by ¢, = 1=k!l. Thus the power
seriesis

Rk

exp(x) = g (10-21)

k=0

T
The power series(eI%J—Za%)o,rwhich convergesfor all x, is nothing but the
Taylor seriesfor the exponertial function about x = 0. Recall from Chap. 7
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the Taylor seriesexpansionfor a function f (x) about x = 0,

X xk dkf
f(x) = f0)=  where f®0)=-=-— (10-22)
k! dxk  _
k=0
For the exponertial function f (x) = €%, every derivatgvgaofol; (x) is also €;
thus f 9 (0) = 1 for all k. Hencethe Taylor seriesis (IT0-21).

Summary

We have learned that € doeshave a special prgg:err%:]exThe derivative of
is equal to the value of € at ewvery x. Figure [77 shows a graph of e*. At
x = 0 the value is 1 and the slope is 1. As x increases,the value increases
and the slope increases,with value = slope at all x. Sothe rate of increase
increases.This behavior is called expnential growth. The function € grows
faster than any power of x for su cien tly large x.

As x decreaseswith x < 0, i.e., for x negative, the value of &* decreases
and the slope decreasessothat ! Oasx! 1 . Equivalently,e *! 0
asx! 1 . This decreaseof e * with increasingx is called exponertial decay,
and it is usedto describe processe®f decay in scienceasneq::(ee)pgi)pa%erlgng. Some
examplesof exponertial systemsare discussedin Sec.10.3.
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10.2 THE NATURAL LOGARITHM
The natural logarithm is de ned asthe inversefunction of the exponertial; ®
that is,

If y=¢ then Iny = x: (10-23)
The inversefunctional relationship may also be expressedas
€Y=y o InE)=x (10-24)

The domain of the function €* is all real numbers, 1 < x < 1 . However,
et is > 0 for any x, sothe range ofiefl‘n is the positive reals. Therefore the
domainoflnyisO< y < 1 . Figure F?g??ﬁaNs agraph of Iny versusy. Recall
from Chapter 1 that the graph of an inversefunction resenblesthe graph of
the original function with the horjzontal and vertical coordinates exchanged.
This isgthe casefor Figs. B%%Tnd ﬂ.%.g@@ °

The derivative of Iny is interesting. The generalformula for the derivative
of the inversefunction f 1(y) of a function f (x) is®

dy
Applying this to the natural log, i.e., for f %(y) = Iny and f (x) = expx,

d 1 1
G =Ty (10-26)

1
1) = — . }
(y) = T =dx where  y = f(x): (10-25)

In® = =: (10-27)

In words, the derivativ e of the natural log is the power function with exponent

1. We have seenother functions whosederivative is a power. We learned
long ago (Chap. 5) that the derivative of P isp P !, a power function with
exponert p 1. Now consider: What function hasderivative 9? If g6 1
then the answeris 9! =(q+ 1). But if q= 1then 9! =(g+ 1) is unde ned
becauseof division by 0. If g = 1 then the answer is In (or, generally,
In + C whereC is a constan).

5Recall that if y = f(x) then f 1(y) = x, where f 1 denotes the inverse function of f .
SeeSection 1-4.
6SeeEquation (6-xx).
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10.2.1 Logarithms with base 10 or other bases

Logarithms are also de ned with basenumbers other than e. The function
log,o Y is de ned asthe inversefunction of y(x) = 10%; that is,

If y = 10° then X = logyoy: (10-28)

In words, log,4(y) is the number x for which 10to the power x isy. Generally,
the basecan be any constart a, sothat
If y=a then x = log, y: (10-29)

Base-10logs have a = 10 and natural logshave a = e.
All the exponertial functions, and their logarithms, are closely related.
Consider 10*. Using the inverserelationship of exp and In, we may write

10= &n10; (10-30)

therefore,

10¢= g0 X = g o, (10-31)

The value of In 10 is 2:303, so approximately 10% = €?29%*_ Or, generalizing
to an arbitrary basenumber a,

a = eha: (10-32)

Equation (E%%Z) relates the exponertal with arbitrary basea to the natural
exponertial fugt::gi)(()n ex.

Equation (T0-32) shows how exponertials with di erent basesare related.
Howeargxthe logsrelated? The inversefunction of y(x) = a* is x(y) = log, V.

By (f0-32),
y=eMa 50 Iny=xlna: (10-33)

We seethat x = Iny=Ina. But x = log,y; thus the log with basea is
proportional to the natural log, and

In
0gay = 1 (10-34)

A
Equation (eI%J—Oﬁ)XreIatesthe log with basea to the natural log. For example,
for base 10 logarithms,

logy,(y) = ||r?—1yo = 0:4343Iny: (10-35)
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Example 2. What is the derivative of 10¢?

Solution.  First, the derivative of e“*, where C is a constart, is
d

Cx — CXx. .
&= cet (10-36)

i eq:deCx c
Note how the chain rule has beenused. To prove (ﬁ%fa’&we regard e~* asa
composite function,

C

e~-* = exp[g(x)] where g(x) = Cx: (10-37)

Then by the chain rule,

d Cx — deXp(g) dg _ — CXx.
dxe = dg dx exp(g)C = Ce~": (10-38)
:deC, :10
Now apply the rule (%to the function 10%, as expressedn (E%?ﬁ),

d — In 10 — ' .

&10‘ = & In10= 10° In 10: (10-39)
:d10

Gener alization  Following the sameline of argumert that gives (M

for an arbitrary basenumber a,

d X — Ina — oX . .

il gM"?na=a* Ina: (10-40)
. eq:gende L .

Equation (I%-h()hs ageneralresultthe derivative of the generalexponertial

function a* with arbitrary basea. For the special casea = e we have the

natural exponertial; then, becauselne= 1,

d x_ .
&ex—ex,

which is again Theorem 2. e:deCx eq:aende

The exponertial derivatives(ﬁ%)far(?}and (&%%rome recorded i_g tpe Table
of Derivativesin Appendix E, asis the derivative of the log (e -oF . These
derivativesare worth knowing becausethe exponertial function is often en-
countered in applied mathematics. Pleasecommit them to memory!
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10.3 EXAMPLES

sec.expexample

Example 3. Let P(v) = v?e v for v 0. What is the derivative dP=dv?
Describe the functions P (v) and PYv). Where is the maximum of P (v)?

Solution.  To calculate the derivative we must apply both the Leibniz rule
and the chain rule. P (v) is a product of v2 and e v*: the secondfunction is a
composite function g[h(v)] whereg( ) = e and h(v) = v2. By the Leibniz
Rule,

dP _ dv?

uve vio 21 vz o, ; ;
& v © Vi, e : (10-41)

In the rst term, dv?=dv= 2v. In the secondterm we must di eren tiate e v2

by the chain rule,
d 2 _ dgd . _ Y
av e = g leting g()=e and = v%

dv
= e ()= 2ve ' (10-42)

P1 P2

Combining (T0-41) and (T542),

Gy = e v ooaBe V= 2v1 Ve V' (10-43)

fig: EXM fig: EXM
Figure |'?|5.5 sﬁgl)\(/s graphs of P(v) and PYv). From Fig. |'?|5.5(a) %te these
properties of P (v):

(i) the slopeisOat v = 0;
(i) the slopeis> O0for 0< v < 1;
(iii) the slopeis 0 at v = 1, where P (v) is maximum,;
(iv) the slopeis < 0forv > 1;
(v) the slope! Oasv! 1.

fig: EXM
The derivative PYv) is the slope of P(v), and Fig. )’?Ig.?(ﬁ)%)éreeswith the
properties (i){(v).

Example 4. The probability distribution of molecular speedsin a gas at
temperature T is

— 2 2_ _ m . ) ;
P(v) = Cv?exp mv2=2kT  where C = 4 T (10-44)
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This function, which resenbles the function in Example 3, is called the
Maxwell-Boltzmann distribution. (m is the molecular mass,and k is Boltz-
mann's constart, 1:38 10 23J/K.) The speedwhere P (v) is maximum is
the most probable speed for a molecule. Where is the maximum of P (v)?
What is the most probable speedof a nitrogen moleculein air at room twem-
perature?

Solution. We may write P(v) in the form

m
P(v)= Cv’e Y wh = o= 10-45

(V) vee where KT ( )

The parameters and C are constart with respect to the variable v. The

maximum occurs where dP=dv = 0; that is,

Cove V+Cv¥( 2ve ¥V = o
2cvl Ve ¥ = O (10-46)

The most probable speedis

r—
1 2kT
Vimp = P= = T: (10'47)

For example, for nitrogen molecules(N;) in air at room temperature, T =

20C = 293K, the most probable speedis
s

2 138 10 8J=K 293K
= = 420m=s 10-48
Vimp 28 1.66 10 Z’kg m=s (10-48)

Example 5. Radioactiv e carb on dating
14C is a radioactive isotope of carbon. (The most common stable isotope
is 12C.) It decays by the process

14C I 14N + e+

with a half-life of T;—, = 5370y. 1*C is producedin the atmosphereby cosmic
rays, and is absorbed as CO, by living plants. When the plant dies, it no
longer absorbscarbon and its 1*C decays. The proportion of *C in a plant
sample can be usedto determine the age of the sample, i.e., the time that
has elapsedsincethe plant was living.

Supposethe fraction of the initial **C that remainsin a sampletoday is
x. That is, N=Ng = x where N = number of 1*C atoms today and Ng =
number of *C atoms when the plant wasliving. Then what is the ageof the
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sample?In particular, what is the ageof the sampleif x = 0:1?

Solution.  The half-life is T;-, = 5730y. One-half of the **C presen at any
time will decay during the next half-life. So, after n half-livessincethe death
of the plant, the remaining number of *C atoms is

n
N=No = - (10-49)

(After one half-life, the number of remaining *C atoms is Ny=2; after two
half-livesthe remaining humber is No=4; etc.) In terms of the time t since
the plant's death (t = nT;=,) the fraction x may be written as

N 1 e

X= -5 3 =2 FTuz; (10-50)

. . . . . eq.ax
Or, we may rewrite x in terms of the exponertial function, using (h%?32), as

In 2
R \where R= 2. (10-51)

X=e
T

In words, x decays exponertially. To S9 vefor the aget of the sample, take
the natural Iog of both sidesof (I%) 51) Note that Inx = Rt, so

In x
t - ﬁ |n X = WTJ':Z' (10'52)

For example, if x = 0:1 then the age of the sampleis t = 19; 000y.

Example 6. Spirals. Figure F}%%'{%N—sa spiral curve. A point on the

curve may be speci ed by polar coordinates|angular coordinate and radial

coordinate r. The spiral is traced out by a moving point for which increases
linearly with time and r increasesat a rate proportional to r. Then what is

the function r( ) for the spiral?

Solution. Since increasedinearly with time, write = !t wheret = time
and! = constart angular rate. The rate of growth of r is
dr
— = 10-53
at ( )

where is a constart. The solution of this di erential equation is’
r(t) = roe': (10-54)

In words, r grows exponertially. The constart rq is the radius at time t = 0.

eq:solDE eq:DE
"Please verify that the function (13-51) does satisfy the dieren tial equation (&8?53').
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The solution to the exampleis obtained by writing r asa function of ,

r()=reoe ™ : (10-55)
F‘g: piral
Figure .I .Ss"é(iws an eﬁ(asfnipallfz of the spiral, with ro = 1and! = = tan(70 ).

The curvein Fig. P?%T%ﬁﬂéda logarithmic spiral. It bearsa resenblance
to the shells of some snails, and that of the chambered nautilus (Nautilus
Nautilus). The exponertial function arisesnaturally (i.e., in nature) when a
rate of growth is proportional to the size of the growing system.

Another name for this curve is the equiangular spiral, becauseall radial
lines from the origin crossthe spiral at the sameangle , given by

!
= arctan —: (10-56)

The equiangularspiral hasmany symmetries, which werediscoveredby Jacob
Bernoulli.® He was so impressedby this curve that he had it carved on his
tombstone.

Example i.f%&gtrical resistance
Figure [7?(a) shows a capacitor C (two parallel conducting plates) con-

nected to a 3-volt battery. When fully charged the plates have charge
+Qo = CVy and Qq. At time t = 0 the switch is moved to the other
position. Then the light bulb lights as current | (t) o ws from the positive
plate to the negative plate. Determine the function | (t). AssumeC = 1farad
(very large!) and the resistanceof the bulb lament is R = 2ohms.

Solution. Let Q(t) be the charge on the positive plate. Current is the rate
of ow of charge, sothe current is

dQ.
g
(As the capacitor charge Q decreasescurrent o ws downward through the
light bulb.) The potential di erence acrossthe capacitor is Q=C, and this
must equal the potential di erence acrossthe resistance, which is | R by
Ohm's law. Thus

RIQ_ Q. @Q_ 1

| = (10-57)

it - C @ - rc? (10-28)
The solution to this di erential equation is
Q(t) = Qoe R¢ (10-59)

8Jacob Bernoulli was a contemporary of Newton and Leibniz, and contributed to the
early development of calculus.
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where Qo = C\, is the initial charge? The current asa function of time is

I(t) = ?j—? = %e =RC . (10-60)

fig:circuit
Figure |'?5.5(b) shows the current as a function of time. The current decays
exponertially. Note that | decreaseshy a factor of 1=e = 0:368 during any
time interval of t = RC, because

Y ] 1
I(t+ t)= Eoe (t+ t)=RC _ S

This decay time is
RC = 2ohms 1farad = 2sec (10-61)

The very large capacitance(1 farad) implies a slow deca. In everday expe-
rience a light bulb turns o instantly becausethe capacitancein the circuit
is small. (In an ordinary lamp the decay time is determined by the thermal
conductivity rather than the capacitance,becausethe time constart RC is
much lessthan the thermal decay time.)

9Please verify that the dieren tial equation and initial condition are satis ed.
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10.4 THE HISTORY OF LOGARITHMS

Historically, logarithms were developed as a computational technique.

The rst systemof logarithms wasinvented by John Napier. He wasnot a
professionalmathematician, but a Scottish laird (the Baron of Murchiston).
He coined the word “logarithm," and published a description of his system
ertitted Mirici logarithmorum canonis descriptio in 1614. Napier's goal
was to provide a simple but accurate method for computing products and
quotients of numbers. Let x be a real number; Napier's log of x, denoted
here by ", wasde ned by

x=10 1 107 *:

By making a table of x and “x values, multiplication of numbers could be
reducedto addition of the logs and table look up. Consider

xy= 100107 1 107 **

the product of x and y is 10’ times the antilog of *x + *y. The idea of loga-
rithms was adopted widely for sciertic work at that time becauseit greatly
simpli ed numerical computations. For example, Kepler used logarithms in
analyzing the data on planetary obsenations, from which he deducedthe
laws of planetary maotion.

The Napierian log is dierent from the natural log, but approximately
related because

. _ In 10 7x 10 X
*“In@@ 10 7) 107
The computational idea was modied by Henry Briggs, a professor of
geometry at Oxford. He introduced a base number and de ned "y asthe
power that would give x. Briggs chose 10 as his basenumber, and replaced

Napier's de nition of “x by
x = 10%;

that is, "x = log;pX. The logarithms of Briggs were called ‘common loga-
rithms.'

The natural logarithm, with basee Ilimyy (1+ 1=N)N , IS important
today not as a computational tool but becausethe exponertial function is

the solution to a very basicdi erential equation,

< d

with f(0)= 1

=) fx)=¢€:
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This and related equations arise in many applications in scienceand engi-
neering. The natural log is the inversefunction of €. The universal notation
of e for the baseof natural logs was created by the great Leonhard Euler.
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